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Abstract 
Fast, accurate three dimensional (3D) optical metrology has diverse applications in object and 
environment modelling. Structured-lighting techniques allow non-contacting 3D surface-shape 
measurement by projecting patterns of light onto an object surface, capturing images of the 
deformed patterns, and computing the 3D surface geometry from the captured 2D images. 
However, motion artifacts can still be a problem with high-speed surface-motion especially with 
increasing demand for higher measurement resolution and accuracy.  
 To avoid motion artifacts, fast 2D image acquisition of projected patterns is required. 
Fast multi-pattern projection and minimization of the number of projected patterns are two 
approaches for dynamic object measurement. To achieve a higher rate of switching frames, fast 
multi-pattern projection techniques require costly projector hardware modification or new 
designs of projection systems to increase the projection rate beyond the capabilities of off-the-
shelf projectors. Even if these disadvantages were acceptable (higher cost, complex hardware), 
and even if the rate of acquisition achievable with current systems were fast enough to avoid 
errors, minimization of the number of captured frames required will still contribute to reduce 
further the effect of object motion on measurement accuracy and to enable capture of higher 
object dynamics. Development of an optical 3D metrology method that minimizes the number of 
projected patterns while maintaining accurate 3D surface-shape measurement of objects with 
continuous and discontinuous surface geometry has remained a challenge.  
 Capture of a single image-frame instead of multiple frames would be advantageous for 
measuring moving or deforming objects. Since accurate measurement generally requires multiple 
phase-shifted images, imbedding multiple patterns into a single projected composite pattern is 
one approach to achieve accurate single-frame 3D surface-shape measurement. The main 
limitations of existing single-frame methods based on composite patterns are poor resolution, 
small range of gray-level intensity due to collection of multiple patterns in one image, and 
degradation of the extracted patterns because of modulation and demodulation processes on the 
captured composite pattern image.  
 To benefit from the advantages of multi-pattern projection of phase-shifted fringes and 
single-frame techniques, without combining phase-shifted patterns into one frame, digital moiré 
was used. Moiré patterns are generated by projecting a grid pattern onto the object, capturing a 
single frame, and in a post-process, superimposing a synthetic grid of the same frequency as in 
 vi  
 
the captured image. Phase-shifting is carried out as a post-process by digitally shifting the 
synthetic grid across the captured image. The useful moiré patterns, which contain object shape 
information, are contaminated with a high-frequency grid lines that must be removed. After 
performing grid removal, computation of a phase map, and phase-to-height mapping, 3D object 
shape can be computed. The advantage of digital moiré provides an opportunity to decrease the 
number of projected patterns. However, in previous attempts to apply digital phase-shifting 
moiré to perform 3D surface-shape measurement, there have been significant limitations. 
To address the limitation of previous system-calibration techniques based on direct 
measurement of optical-setup parameters, a moiré-wavelength based phase-to-height mapping 
system-calibration method was developed. The moiré-wavelength refinement performs pixel-
wise computation of the moiré wavelength based on the measured height (depth). In 
measurement of a flat plate at different depths, the range of root-mean-square (RMS) error was 
reduced from 0.334 to 0.828 mm using a single global wavelength across all pixels, to 0.204 to 
0.261 mm using the new pixel-wise moiré-wavelength refinement. 
To address the limitations of previous grid removal techniques (precise mechanical grid 
translation, multiple-frame capture, moiré-pattern blurring, and measurement artifacts), a new 
grid removal technique was developed for single-frame digital moiré using combined stationary 
wavelet and Fourier transforms (SWT-FFT). This approach removes high frequency grid both 
straight and curved lines, without moiré-pattern artifacts, blurring, and degradation, and was an 
improvement compared to previous techniques. 
To address the limitations of the high number of projected patterns and captured images 
of temporal phase unwrapping (TPU) in fringe projection, and the low signal-to-noise ratio of the 
extended phase map of TPU in digital moiré, improved methods using two-image and three-
image TPU in digital phase-shifting moiré were developed. For measurement of a pair of 
hemispherical objects with true radii 50.80 mm by two-image TPU digital moiré, least-squares 
fitted spheres to the measured 3D point clouds had errors of 0.03 mm and 0.06 mm, respectively 
(sphere fitting standard deviations 0.15 mm and 0.14 mm), and the centre-to-centre distance 
measurement between hemispheres had an error of 0.19 mm. The number of captured images 
required by this new method is one third that for three-wavelength heterodyne temporal phase 
unwrapping by fringe projection techniques, which would be advantageous in measuring 
dynamic objects, either moving or deforming.  
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Chapter 1  
Introduction 
1.1 Demand for fast three-dimensional surface-shape measurement 
Fast, accurate, and non-contact three dimensional (3D) surface-shape measurement has diverse 
applications in object and environment modelling [1-4], such as, human body modeling for 
entertainment [2, 5-7] and medical diagnosis [8-10], and 3D object recognition [11]. The 3D-
shape measurement of moving objects, for example, in online part inspection [2, 3], and 
measurement of dynamically deforming objects, such as player facial expressions in the gaming 
industry, and the lungs or heart in medical diagnosis [4, 9, 10], all require fast measurement 
techniques. Optical techniques have advanced greatly to achieve rapid and accurate non-contact 
3D surface-shape measurement [2, 4]. However, motion artifacts [12, 13] are still a problem with 
high-speed surface-motion especially with increasing demand for higher measurement resolution 
and accuracy.  
Structured-light techniques are among the most common types of optical 3D 
measurement technology [14]. Fringe projection profilometry (FPP) [15-17] and moiré 
profilometry (MP) [18-20] are among the common structured-light techniques. The following 
sections briefly review FPP and MP techniques toward defining the research problem and 
objectives. 
1.1.1 Fringe projection techniques 
In fringe projection techniques, a fringe pattern is projected onto an object surface, and a camera 
positioned at an angle to the projector captures an image of the fringe patterns that appear 
distorted on the object surface (Fig. 1.1) [16]. In phase-shifting fringe projection techniques [21-
23], multiple phase-shifted patterns are sequentially projected onto the object. The object height 
is modulated in the phase information [24], which can be extracted by analyzing the captured 
images of at least three phase-shifted patterns on the object surface (explained further in Section 
1.2).  
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Figure 1.1. Optical system configuration in fringe projection technique. (Adapted from [16]). 
1.1.2 Moiré profilometry techniques 
A moiré effect can be generated by placing two periodic patterns over each other (Fig. 1.2a). 
Moiré profilometry generates equal-depth moiré contours to determine object height distribution 
(Fig. 1.2b) [25].  
                     
                                             (a)                                                          (b) 
Figure 1.2. (a) Moiré pattern generated with two linear gratings (b) Moiré contour on a 
hemisphere. 
Moiré-based surface measurement is performed by first projecting light through a grating 
onto an object surface. In shadow moiré [26,27] an image of the deformed light pattern on the 
surface, is captured by viewing through the same grating at an angle to the projection (Fig. 1.3a), 
while in projection moiré [28,29], the image of the deformed pattern is captured by viewing 
through a second grating at an angle to the projection (Fig. 1.3b). Shadow and projection moiré 
both require complicated optical setup, such as physical gratings and optical lens. Digital moiré 
[18], detailed in Chapter 2, is another type of moiré topography that is easy to implement without 
complicated optical equipment. Flexibility in adjusting the virtual grid pitch, the ability to 
generate arbitrary phase shifts, and the ability to perform phase-shifting as a post-process to 
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image capture, make the digital moiré technique potentially more useful than conventional 
moiré. In comparison to fringe projection, in moiré profilometry, the useful moiré patterns, 
which contain object shape information, are always contaminated with a high-frequency grid-
pattern (Fig. 1.2). This grid pattern is considered as noise and must be removed in order to 
perform further analysis on the moiré patterns to extract object shape information [30].  
 
(a)                                                                                            (b) 
Figure 1.3. Optical setup in (a) shadow moiré, and (b) projection moiré techniques. 
1.2 Phase measurement techniques 
In phase measurement techniques, the surface geometry information is modulated in phase 
information, which is thus important in 3D surface reconstruction. Among different types of 
phase calculation methods, Fourier Transform [31, 32], Phase-Shifting Profilometry [22], and 
Wavelet Transform analysis [33, 34] are the most common. The required measurement accuracy 
and resolution, and the number of projected and captured frames are the main factors in the 
selection of the proper phase-retrieval method. Fourier and wavelet transform methods require 
one captured frame of a deformed pattern for phase extraction; however, phase shift analysis 
requires at least three phase-shifted patterns.  
Fourier transform techniques process the whole image of a fringe pattern globally using 
neighboring pixels which influence each other; however, the requirement of neighboring-pixel 
information prevents extraction of accurate phase at surface discontinuities and edges. Wavelet 
transform techniques use variable window sizes to process the fringe patterns locally, however 
with complex computation. Furthermore, wavelet and Fourier transform methods are sensitive to 
variation of the background intensity and surface reflectivity. 
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 Phase-shifting techniques (used in this research) are the most widely used to extract 
phase information because of their ability to compute high resolution and accurate phase maps. 
However surface-shape measurement based on these techniques requires projection of at least 
three phase-shifted patterns. This requirement limits reliability of phase-shift analysis in 3D-
shape measurement of dynamics objects (moving or deforming). The intensity distribution of the 
phase-shifted patterns is described by: 
                                    ,  = ,  + , cos	Φ,  +   ,                                  (1.1) 
where 	,  and ,  are intensity background and modulation, respectively, ,  are the 
image coordinates, Φ,  is the phase map that contains object height information, and 
 = 2 ⁄   are the phase-shifts between captured images. To calculate the phase map Φ, , 
at least three images (=3) of phase-shifted patterns are required:  
		Φ,  = −tan#
 $∑ , sin'(
∑ , cos'(
 ) ,  = 1,2, … , .																															1.2 
Because of the arctan function in Eq.1.2, the computed phase Φ,  is wrapped in the 
range -−, ., and a phase unwrapping technique [35] is required to calculate a continuous phase 
map ,  (Fig. 1.4). Phase unwrapping is the process that corrects the 2 ambiguities of 
wrapped phase using the fringe order /, :   
                                          ,  = Φ,  + 2/, .                                         (1.3) 
 
                                                        (a)                                                                     (b) 
Figure 1.4. Phase unwrapping: a) 1D, and b) 2D. 
1.3 Spatial phase unwrapping versus temporal phase unwrapping 
Two general approaches to perform phase unwrapping are spatial and temporal phase 
unwrapping techniques. In spatial phase unwrapping [36, 37], the phase of each pixel is 
unwrapped based on the phase value of adjacent pixels using only a single phase map; however, 
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errors occur at surfaces with geometric discontinuities or of multiple spatially isolated objects. In 
temporal phase unwrapping [38, 39], the phase at each pixel is unwrapped in the temporal 
domain independently of adjacent pixels, thus preventing error propagation from a noisy phase 
value at a pixel to adjacent pixels. Therefore, measurement of an object with continuous 
geometry requires computation of only one phase map and performing spatial phase unwrapping, 
while measurement of an object with surface discontinuities or spatially isolated objects, 
commonly requires computation of two or more phase maps by performing temporal phase 
unwrapping techniques [39]. Other temporal phase unwrapping methods require only one phase 
map (detailed in Chapter 2), but all temporal phase unwrapping methods require projection of 
multiple patterns. Minimization of the number of projected and captured frames (while 
maintaining the level of measurement resolution and accuracy) during the image acquisition 
stage, is always desirable for measurement of dynamic objects. 
1.4 System calibration 
To determine the parameters that relate the phase distribution to the 3D coordinates of points of 
an object surface, system calibration is required. System calibration techniques can be 
categorized into two general approaches: phase-to-height mapping, used in this research, and 
fringe-projection stereo-vision. 
1.4.1 Phase-to-height mapping 
Phase-to-height mapping [40-42] relates phase φ values, computed by phase analysis applied to 
acquired 2D images of fringe patterns, to object surface height. The relationship of the phase of 
projected patterns and object height depends on the optical system-geometry parameters 
(projector-camera relative angle and distance, projector-camera distance to the reference plane, 
and projected fringe frequency) (Fig. 1.5). For a projector at P and camera at E, at a distance H 
to the reference plane, with projector-camera distance d and pattern pitch (period width) p, the 
object height h at point D from the reference plane is given by: 
                                                         ℎ = 1
23456∆8                                                                     (1.4) 
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where 9	and :	are the phase values at points A and C respectively, and ∆= 9	-:	. Since in 
practice, determination of system parameters is difficult, system calibration approaches are 
commonly used without explicit computation of each system parameter. 
 
Figure 1.5. System parameters in fringe projection. 
1.4.2 Combined stereo-vision with fringe projection technique  
The combination of stereo-vision with fringe projection [43-45] allows the 3D real-world 
coordinates of the object surface to be computed from 2D image coordinates based on 
established techniques for stereo cameras. A calibration board with known calibration point 
locations (e.g. vertices of squares on a checkerboard, or white circles on a black background) 
with several arbitrary poses (positions and orientations) is used for the determination of intrinsic 
(camera optics) and extrinsic (system geometry) parameters as for stereo cameras [44]. Fringe 
projection is used to aid determination of correspondence between camera images. Vertical and 
horizontal fringe patterns are projected, and the intersection of phase values along constant 
horizontal phase lines, and constant vertical phase lines are used as matching features. For a 
single-camera projector system [45], the projector is treated as an inverse camera, a virtual 
projector image is generated, and the calibration parameters for the projector and camera are 
performed as for a two-camera stereovision system. 
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1.5 Multi-frame versus single-frame methods 
In 3D shape measurement, phase information can be extracted from a single captured image 
(single-frame or “single-shot”) [46] or multiple captured images (multiple-frame) [23, 47]. Using 
more frames (images) makes it possible to use phase-shift analysis to extract accurate phase 
values and perform temporal phase unwrapping to handle object discontinuities; however, the 
use of multiple frames is not desirable for measurement of dynamics objects, since motion of the 
object between acquired frames may cause phase computation error. Therefore, minimization of 
the number of projected and captured frames (while maintaining the measurement resolution and 
accuracy) during the image acquisition stage is highly desirable for 3D measurement of 
dynamics objects. Even if fast projection techniques could be available (together with fast image 
capture), single-frame acquisition will always enable faster image acquisition than multiple-
frames and minimizing the number of projected patterns will always contribute to faster image 
acquisition. This is explained further in the context of the rationale in the following section. 
1.6 Rationale 
Phase-shifting techniques have the advantage of computing an accurate phase map to achieve 
high spatial-resolution and accurate measurement. However, as mentioned, these techniques 
require projection and capture of multiple phase-shifted images, which can cause errors when 
applied to dynamically deforming or moving objects. Fast multi-frame methods [5-8, 47-51] and 
single-frame techniques [46], which imbed multiple phase-shifted patterns into a single 
composite pattern, are two approaches that permit phase-shift analysis to be applied to fringe-
projection techniques for accurate 3D surface-shape measurement of dynamic surfaces. Because 
fast image acquisition is one of the most important issues in dynamic object measurement, it is 
thus desirable to devise methods of 3D surface-shape measurement that require few projected 
patterns, while still maintaining an accurate measurement.    
1.6.1 Approaches and limitations of fast multi-frame techniques 
In fast multi-frame techniques [5-8, 47-51], to calculate each phase map, at least three phase-
shifted patterns are projected sequentially onto the object at high speed, and a high speed camera 
captures images of the distorted patterns. Even small object motion between captured frames 
causes an unknown phase-shift and artifacts in the phase, which can be seen as ripples on the 
reconstructed surface [12, 13]. The speed of switching patterns in commercial digital light 
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processing (DLP) projectors is constrained by the low refresh rates (120 Hz for non-LED, 60 Hz 
for LED-based DLP projectors). To achieve a higher rate of switching phase-shifted frames, 
hardware modification of the DLP projector is required [48, 49].  Furthermore, due to the small 
exposure time of the camera with fast projection, a high luminance projector is required, and if 
used, the bright light would prohibit some applications, for example, scanning human faces. 
High-speed multi-frame techniques also require complicated camera-projector synchronization. 
Recent research in LED-based projection systems has improved on the DLP projection rate [50]. 
However, the high luminance required for multiple-frame projection remains a problem. For all 
of the multi-frame approaches, the high speed projection is also more costly. Even if these 
disadvantages are acceptable (higher cost, complex hardware), and even if the rate of acquisition 
achievable with current systems is fast enough to avoid errors, the demand for measuring even 
faster moving and faster deforming surfaces than those possible today with current systems, will 
continue to increase, and the minimization of the number of captured frames required will 
always contribute to reduce further the effect of object motion on measurement accuracy. 
1.6.2 Approaches and limitations of single-frame composite-pattern techniques 
Capture of a single-frame instead of multiple frames would be advantageous for measuring 
moving or deforming objects. Since accurate measurement generally requires multiple phase-
shifted images, imbedding multiple patterns into a single projected composite pattern is one 
approach to achieve accurate single-frame 3D surface-shape measurement [46]. The main 
limitations of existing single-frame methods based on composite patterns are poor resolution, 
small range of gray-level intensity due to collection of multiple patterns in one image, and 
degradation of the extracted patterns because of modulation and demodulation processes on the 
captured composite pattern image.  
1.6.3 Approaches and limitations of digital moiré techniques 
Another approach to take advantage of multiple-pattern and single-frame techniques together is 
to use digital moiré. A single pattern is projected onto the object, a single frame (image) is 
captured, and then multiple separate phase-shifted moiré images can be generated as a post 
process (detailed in Chapter 3). The method eliminates the problem of the small range of gray-
level intensity in composite-pattern techniques. The post-processing allows digital generation of 
multiple phase-shifted images separately from the image capture, thus permitting different types 
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of phase-shift analysis. Furthermore, it removes the modulation and demodulation processes in 
composite-pattern techniques which cause degradation of the patterns. An accurate phase map 
can be computed by projecting a single pattern and capturing a single frame. However, in 
previous attempts to apply digital phase-shifting moiré to 3D surface shape measurement [52-
54], there have been significant limitations (described in the following sections) that require 
further investigation.  
1.6.3.1 System calibration 
One problem in the digital moiré methods of [52-54] was the use of direct measurement of 
system-geometry parameters to calculate the height information from the phase distribution. 
Because the explicit accurate measurement of these parameters is difficult, an accurate system 
calibration is required to relate calculated phase to height and this has remained a challenge for 
3D shape measurement by digital phase-shifting moiré. In optical moiré (shadow and projection) 
profilometry, the moiré wavelength  can implicitly represent system geometry parameters [55], 
and can therefore be used in system calibration. It is common to assume that  is constant over a 
small range of depth. However, using a single constant wavelength in system calibration (phase-
to-height mapping) limits the range of depth for accurate measurement. 
1.6.3.2 High-frequency grid-pattern removal  
In moiré profilometry techniques, both optical and digital moiré, the useful moiré patterns are 
always contaminated with a high-frequency grid-pattern (Fig. 1.2), which must be removed 
before performing further analysis on the moiré patterns to extract surface height information. In 
the single-frame digital moiré in [52], a low-pass filter was used to suppress the high-frequency 
noise originating from the grid pattern, and this filtering results in restrictions on the projected 
grid frequency. The grid frequency had to be higher than the moiré frequency to clearly separate 
the frequencies. Furthermore, there was difficulty in selecting the cut-off frequency to 
completely remove the high-frequency grid without distortion of the moiré pattern. In addition to 
losing the spatial resolution, the use of the low-pass filter thus limits the measurement range and 
generation of a clear moiré pattern. The development a new single-frame grid removal technique 
for application in single-frame digital moiré 3D shape measurement that addresses the needs to 
remove high frequency grid lines, without introducing artifacts, while preserving the moiré 
pattern without blurring and degradation, is required.  
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1.6.3.3 Temporal phase unwrapping  
As stated earlier, to extract the phase map, phase-shifting analysis is the most common and 
accurate technique, because of the high spatial resolution and low sensitivity to variation of 
background intensity and surface reflectivity possible. However, the computed phase map is 
wrapped between − and , and consequently a phase unwrapping algorithm is required to 
remove the phase ambiguity. While spatial phase unwrapping is suitable for continuous surfaces, 
to handle object height discontinuities, a temporal phase unwrapping method is required. 
However, temporal phase unwrapping requires projection of more patterns than for spatial phase 
unwrapping.  
 In non-moiré methods, the minimum number of frames to apply temporal phase 
unwrapping in FPP techniques with phase-coding [56] is five [57]. However in this method, a 
further algorithm was required to compensate the impact of random noise on measurement due to 
dithering of defocused binary patterns. Heterodyne temporal phase unwrapping [58] combined 
with phase-shift analysis permits measurement of discontinuous surfaces. To apply the common 
heterodyne temporal phase unwrapping using three phase maps, FPP methods require the 
projection and capture of at least nine images (three patterns at three frequencies), which would 
tend to cause phase error in measuring dynamic objects, either moving or deforming.  
 Temporal phase unwrapping has been applied to digital moiré methods using fewer 
projected and captured patterns (two frames) [54]; however, the calculated continuous phase map 
had a low signal-to-noise ratio. Two-frequency phase-shifting projection-moiré [59, 60], was 
also developed for measurement of discontinuous surfaces. However, in addition to the capture 
of four phase-shifted moiré patterns at each frequency (using mechanical translation of grating), 
the absolute fringe order was only estimated using grating pitches applied at different 
frequencies, which causes error in the phase unwrapping process. It would be desirable to devise 
a method of temporal phase unwrapping that reduces the number of required projected patterns, 
while still maintaining a high spatial resolution and accurate measurement of discontinuous 
surfaces. 
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1.7 Objectives 
For certain applications of moving or deforming objects, real-time 3D measurement may not 
necessary. The speed of the image acquisition stage (2D image acquisition of projected patterns 
on the object surface) would thus be the most important in 3D-shape measurement of moving or 
deforming objects, and the phase extraction and phase-to-height mapping could be done as a 
post-process. Capturing the fewest frames during the image acquisition stage of 3D object 
surface shape measurement will thus always be important for high-speed applications. The main 
goal of this research is to develop new methods with off-the-shelf system components (single 
camera and single projector), for full-field 3D-shape measurement of objects using the fewest 
required projected patterns, while achieving the best possible measurement resolution and 
accuracy. High speed in all stages of measurements including 2D-image acquisition, phase 
retrieval, and 3D-coordinate computation is important in 3D real-time profilometry. However, 
the focus of this research is to develop methods that reduce the number of captured frames in the 
2D-image acquisition stage, while maintaining high quality measurement. Even if well 
synchronized fast pattern projection and image capture hardware and software were available, 
minimizing the number of captured frames during the image acquisition stage will always 
contribute to faster image acquisition. The detailed objectives of this research are as follows: 
1. Develop digital moiré for single-frame 3D-shape measurement of objects without surface 
discontinuity: 
     1.1 Develop a new calibration technique in digital moiré to compute height from phase 
without requiring direct measurement of the system geometry.   
     1.2 Investigate pixel-wise phase-to-height mapping system-calibration based on moiré-
wavelength refinement to enable object measurement over extended depth without decreasing 
measurement accuracy. 
2. Develop new single-frame grid removal techniques for application in single-frame digital 
moiré 3D shape measurement to addresses the needs to remove high frequency grid lines, 
without introducing artifacts, while preserving the moiré pattern without blurring and 
degradation.  
3. Developed new temporal phase unwrapping techniques for measurement of spatially isolated 
and discontinuous surfaces: 
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3.1 Develop a new temporal phase unwrapping technique using multi-wavelength digital 
phase-shifting moiré to address the limitations of the high number of projected and captured 
images of temporal phase unwrapping in FPP, and the low signal-to-noise ratio of the extended 
phase map of temporal phase unwrapping in digital moiré. 
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1.8 Thesis outline 
The remainder of the thesis is organized as follows. Chapter 2 reviews existing fast-2D-image-
acquisition 3D optical metrology, temporal phase unwrapping, and digital moiré. Chapter 3 
details a new single-frame digital phase-shifting 3D shape measurement method that uses a new 
system calibration technique by pixel-wise moiré-wavelength and height (depth) refinement, and 
includes experiments to demonstrate improvement in measurement accuracy compared to 
measurement using a single global wavelength across all pixels. Chapter 4 presents a new 
improved grid removal method for single-frame digital moiré 3D shape measurement, and 
includes experiments performed on moiré-pattern images containing grid lines, generated by 
digital moiré, for several test objects, for comparison of the new method to previous grid 
removal techniques. Chapter 5 presents new methods of two-image and three-image temporal 
phase unwrapping using multi-wavelength digital phase-shifting moiré with experiments to 
demonstrate improved phase measurement with two spatially isolated objects including an object 
with surface discontinuities. Chapter 6 discusses contributions of this research and future work. 
  
 14  
 
Chapter 2  
Background and Literature Review 
This chapter reviews existing fast-2D-image-acquisition 3D optical metrology, temporal phase 
unwrapping, and digital moiré. For 3D shape measurement of dynamic objects (with either 
moving or deforming surfaces), using fewer projected fringe patterns contributes to faster 
acquisition of the required 2D images (frames) of the patterns, and thus to capturing higher 
object dynamics while avoiding motion artifacts. Projection of a single fringe pattern with certain 
measurement methods could be sufficient for certain conditions (objects with continuous 
geometry) and levels of accuracy. However, for accurate measurement of objects with complex 
geometry (surface discontinuities), other techniques are required. Fast multi-pattern projection 
techniques, and methods that aim to minimize the number of projected patterns are two general 
optical approaches for fast 2D image acquisition in 3D shape measurement of dynamic objects.  
2.1. Fast-2D-image-acquisition 3D optical metrology 
2.1.1 Fast multi-pattern projection (hardware modification or new projector design)   
In fast projection techniques [5-8, 47-51], multiple patterns are projected sequentially onto an 
object with synchronized image capture. While high speed projection is used to minimize the 
effect of object motion during measurement, even small object motion between captured frames 
may cause an additional unknown phase-shift and motion artifacts in the measurement, which 
can be seen as ripples on the reconstructed surface [12, 13]. The speed of switching patterns in 
commercial digital light processing (DLP) projectors is constrained by the low refresh rates. To 
achieve a higher rate of switching frames, these methods require costly projector hardware 
modification [48, 49] or new designs of projection systems [50, 51] to increase the projection 
rate beyond the capabilities of off-the-shelf projectors. For example, modification to a DLP 
projector (by removing the color wheel and using a micro-controller to trigger the digital micro-
mirror device (DMD) and projector-camera synchronization [48, 61]), configuration of a new 
projector to generate patterns using an array of LEDs with minimal switching time [50], and 
using fiber interference for fast generation of fringe patterns [51], have been used for fast 
multiple-pattern projection. Furthermore, due to the small camera exposure time with fast 
projection, a high luminance projector is required, which could prohibit some applications. Even 
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if these disadvantages were acceptable (higher cost, complex hardware), and even if the rate of 
acquisition achievable with current systems were fast enough to avoid errors, the demand for 
measuring even faster moving and faster deforming surfaces than those possible today with 
current systems, will continue to increase, and the minimization of the number of captured 
frames required will always contribute to reduce further the effect of object motion on 
measurement accuracy. 
2.1.2 Minimization of number of projected patterns 
2.1.2.1 Single-pattern projection with single-frame (image) capture 
There are several techniques which use only a single projected pattern and captured image in the 
2D image acquisition stage to perform 3D surface-shape measurement. Both gray-scale and 
colour pattern methods have been used. 
Among gray scale pattern methods, Fourier-based [62], regularized phase-tracking [63, 
64], and local model-fitting [65, 66] have been used to compute a phase map from a single fringe 
pattern. Since these methods compute only one phase map, these methods are only useful for 3D 
shape measurement of continuous surfaces (without complex geometry or discontinuity). 
Moreover, the phase accuracy obtained from these methods [62-66] is low due to sensitivity to 
variation of the background intensity and surface reflectivity.  
In colour pattern techniques, a single projected image is composed of a single sinusoidal 
intensity fringe pattern and colour-coded stripes (Fig. 2.1) [67]. A phase map is extracted from 
the single fringe pattern and absolute fringe order is determined from the colour-coded stripes. 
This prevents unwrapped-phase error propagation under conditions of noise and surface 
discontinuities. However, due to overlap of the fringe pattern and colour-coded stripes, the 
calculated phase and the edge identification of stripes are not accurate. Moreover, using a colour 
pattern is not desirable for measuring coloured objects. Another method uses binary stripes with 
colour grids [68] to facilitate identification of fringe order and distinguishing of the binary 
stripes. The method can better handle 3D measurement of coloured objects compared to the 
previous method; however, the use of colour grids with binary stripes lowers the intensities, 
which makes it difficult to distinguish edges of the binary stripes.  
Digital moiré [25] is another method that permits single-pattern projection with single-frame 
capture. This is discussed in detail in Section 2.3. 
 16  
 
       
(a)                                        (b)                                             (c) 
Figure 2.1. (a) Colour encoded stripes (b) cosinoidal intensity fringes (c) combination of (a) and 
(b) [67]. 
2.1.2.2 Multiple-patterns in a single composite pattern 
By embedding multiple phase-shifted patterns into a single gray-scale image utilization of phase-
shifting analysis can be achieved with one captured frame. However, the small gray-level range 
of fringe-patterns when accumulating multiple patterns into one image and the repeated use of 
filters to separate phase-shifted patterns from captured images lead to reduced measurement 
accuracy. Also, the high frequency carrier detection for reliable depth recovery is highly 
dependent on the intensity and spatial resolution of the projector and camera.  
One gray-scale technique used for single-frame 3D measurement imbeds multiple 
patterns into a single projected composite pattern [69, 70] by multiplying phase-shifted patterns 
by a cosine wave with different carrier frequencies and computing the sum (Fig. 2.2a). To 
demodulate the captured image, band-pass filters separate each channel (Fig. 2.2b). However, 
due to perspective distortion, the cosine carriers have an unknown phase shift, and several 
operations are required to retrieve the final phase map (Fig. 2.2b). 
   
                                       (a)                                                                   (b) 
Figure  02.2. (a) Procedure of generating composite pattern, (b) Demodulation procedure in 
composite pattern projection technique (BP: band-pass filter; LP: low-pass filter) [69]. 
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 To handle surface discontinuities by single-frame projection and capture, the spatial 
frequency-multiplex Fourier transform was used to extract multiple phase maps with various 
phase sensitivities to object height [71]. A pattern composed of multiple sinusoids with ; 
different, two-component spatial carrier frequencies (<=,> , <?,> were projected (Fig. 2.3), and the 
Fourier transform extracted individual phase maps, which were unwrapped by [72]. The carrier 
frequencies control the fringe sensitivity and separation of multiplexed signals in the frequency 
domain. 
 
Figure  02.3. Frequency multiplex composite pattern [71]. 
 
  A micro-polarizer-array camera approach [73, 74] uses polarizing grids to acquire four 
phase-shifted images simultaneously and permit single-frame acquisition of multi-phase-shifted 
patterns (Fig. 2.4); however, it requires complex optical hardware for projection of polarized 
light. Furthermore, to avoid compromised spatial resolution, sequential measurements are 
required, making the technique multi-frame.  
 
Figure 2.4. Diagram of pixelated micro-polarized array [74]. 
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 Another approach to achieve single-frame multi-pattern measurement uses red, green, 
and blue channels to modulate three phase-shifted patterns within a single colour composite 
pattern (Fig. 2.5a) [75]. In [76], the colour channels are used as a carrier to code three fringe 
patterns with different frequencies (Fig. 2.5b). The fringe frequencies are chosen based on the 
optimum, three-frequency method with N, N−1, and N−√ fringes across the pattern. The 
colour composite fringe pattern is projected onto the object and the wrapped phase map is 
calculated for each colour channel based on the Fourier transform method. This three-frequency 
method resolves the fringe order ambiguity with the beat frequency of the first and second fringe 
as the third frequency, whose pattern covers the full field of view.  In [77] (Fig. 2.5c) encoding 
of sine and cosine fringe patterns in red and green channels is used to extract the wrapped phase, 
and a stepped intensity pattern encoded in the blue channel is used to unwrap the phase map 
extracted from two fringe patterns. However, in all colour composite pattern methods, colour 
channel crosstalk and colour imbalance (mismatch of colour spectra between camera and 
projector) result in errors in the extracted phase [78]. Therefore, for highly accurate 
measurement, using a gray-scale pattern or even binary pattern is typically preferable. 
                 
                          (a)                                             (b)                                              (c)  
Figure 2.5. Composite colour fringe patterns: (a) three sine fringe patterns with 2/3 phase shift, 
(b) three sine fringe patterns with optimum fringe number (42,48,49), and (c) sine and cosine 
fringe patterns encoded into green and red channels and stepped intensity pattern into blue 
channel [75-77]. 
2.1.2.3 Coded-patterns 
In sequential binary-coding pattern projection techniques [14, 79-81], black and white stripes 
provide a unique binary code to each surface point of an object (Fig. 2.6). These techniques are 
very reliable, however projection of a large number of binary-coded patterns is required to 
achieve a high spatial resolution, which is not suitable for 3D measurement of dynamics objects. 
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Figure 2.6. Sequential binary-coding pattern projections [14]. 
Gray-coded patterns decrease the number of projected patterns significantly [82-84]. In 
these techniques, using N number of projected patterns with M distinct gray levels of intensity 
provides A' unique codes. 
 
Figure 2.7. Gray-Coded pattern N=M=3 [14]. 
2.1.2.4 Single marker or stripe encoding on phase-shifted FPP 
Encoding a single marker or single stripe [85, 86] on three phase-shifted fringe patterns have 
been used to calculate absolute phase values using spatial phase unwrapping techniques. 
However, spatial phase unwrapping methods will fail to measure objects with surface geometry 
discontinuities, and are thus not discussed further. 
2.1.2.5 Dual-frequency pattern projection 
To determine fringe order in phase-shifted fringe projection techniques, a dual frequency pattern 
projection technique [1] has been developed using low and high frequency patterns embedded 
into a single dual-frequency pattern. The high-frequency phase is unwrapped using the low-
frequency phase. In [1], the minimum number of patterns projected onto the object was five to 
apply five-step phase-shift analysis. However, encoding two frequency phases into a single 
pattern decreases the extracted phase accuracy in this method, compared to the phase accuracy of 
single frequency phase encoding methods. 
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2.1.2.6 Combined coded-patterns and fringe projection  
Projection of only a few coded-patterns alone leads to low spatial resolution in measurement, 
while increasing the number of projected coded patterns to achieve high spatial resolution in 
measurement is not suitable for measurement of dynamics objects. To decrease the number of 
projected coded patterns and to maintain high spatial resolution in measurement, combined 
projection of coded patterns with separate phase-shifted fringe patterns was developed. In these 
techniques, the projection of phase-shifted fringe patterns provides a high-resolution wrapped 
phase map, and coded-patterns help the phase unwrapping process to determine the fringe order. 
Gray-coding, spatial-coding, and phase-coding all combined with phase-shifting methods are 
common pattern-coding methods. 
2.1.2.6.1 Gray-coding combined with phase-shifting fringe projection  
Gray-coding combined with phase-shifting FPP [87, 88] is based on the projection of eleven 
patterns. The first seven patterns are formed such that their projection corresponds to the 
formation of a gray code of seven bits. To generate four phase-shifted fringe patterns, the pattern 
of the gray-code sequence is generated and then spatially shifted by a fraction p/4 of its spatial 
period p and finally digitally smoothed to get a sinusoidal profile. The gray-coding phase 
unwrapping methods are not suitable for dynamic object measurement, since they require 
projection of many binary patterns to determine fringe orders. 
2.1.2.6.2 Spatial-coding combined with phase-shifting fringe projection  
In comparison to gray-code phase unwrapping, the method of spatial-coding temporal phase [89] 
unwrapping requires projection of fewer patterns onto an object; however the method requires 
the knowledge of adjacent pixel information, which makes them unsuccessful for surfaces that 
are not locally continuous. 
2.1.2.6.3 Phase-coding combined with phase-shifting fringe projection  
In phase-coding phase unwrapping techniques [56, 90, 91] the code word required to determine 
the fringe orders are embedded into the phase instead of intensity. Therefore, they are robust to 
the variation in surface contrast and ambient light, and camera noise. The number of projected 
patterns in the phase-coding technique proposed in [90] is six: three phase-encoded patterns in 
addition to three phase-shifted fringe patterns. In [91], one phase-shifted fringe pattern is 
combined with one phase-coded pattern in a single colour image. A total of three colour images 
thus need to be projected.  However, projection of colour patterns leads to less accurate phase 
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maps due to colour channel crosstalk and colour imbalance in separation of fringe pattern and 
coded pattern. In another method [57], five projected patterns are required; three binary dithered 
patterns are projected separately to calculate the wrapped phase map, and the average intensity of 
the dithered pattern combined with two additional phase-coded patterns are used to determine the 
fringe order and perform phase unwrapping. However a further algorithm is required to 
compensate random noise impact on the measurement due to dithering and defocusing [57]. 
2.2 Temporal phase unwrapping 
To handle object discontinuities, temporal phase unwrapping and thus projection of multiple 
patterns is required. On the other hand, minimizing the number of projected patterns is always 
preferable in measuring dynamics objects. Different temporal phase-unwrapping algorithms [92] 
have been developed, including coded-pattern projection and temporal phase unwrapping using 
additional phase maps with different fringe periods.  
2.2.1 Temporal phase unwrapping using coded-pattern projection  
As described in Section 2.1.2.6, the projection of phase-shifted fringe patterns, which provide a 
high-resolution wrapped phase map, has been combined with pattern coding, such as gray-, 
spatial-, and phase-coding, which aid to determine the fringe order. The limitations of these 
methods have been described in Sections 2.1.2.6.1 to 2.1.2.6.3. 
2.2.2 Temporal phase unwrapping using additional phase maps 
Temporal phase unwrapping using additional phase maps [93-95] are more accurate than coded-
pattern projection temporal phase unwrapping. Moreover, the computational simplicity of these 
methods makes it possible to use them for dynamic measurement. Multi-frequency (hierarchical) 
[96-98], multi-wavelength (heterodyne) [58, 99-101], and number-theoretical approaches [102-
104] are different categories of temporal phase unwrapping techniques using additional phase 
maps. In comparison to other techniques, heterodyne temporal phase unwrapping methods have 
highest flexibility in selecting the fringe frequency (wavelength), and less sensitivity to spike-
like error in fringe-order number [92].    
Heterodyne temporal phase unwrapping, used in this research, employs multiple phase 
maps with different fringe frequencies to create a new synthetic phase map with extended 
unambiguous phase range. In heterodyne phase unwrapping, two shorter wavelengths were first 
used to synthesize a longer beat wavelength [105]; however, the synthetic phase was noisy in 
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comparison to single wavelength analysis. To improve two-wavelength analysis, the 
unambiguous and continuous phase value of the beat wavelength can be used as a reference 
phase to unwrap the phase of the smaller wavelengths [105, 106], and three and multiple-
wavelength temporal phase unwrapping can further extend the beat wavelength to increase the 
measureable height with less noise [107, 108]. In FPP, projection of lower frequency fringe 
patterns yields fewer phase jumps (Fig. 1.4) and decreases the number of projected fringe 
patterns with different fringe frequencies required for the period corresponding to the beat 
frequency to cover the whole field of view, thus providing a continuous extended phase map 
without ambiguity. However, this method results in a noisy phase map [109]. Projection of fringe 
patterns with higher frequencies leads to higher quality (less noisy) phase maps; however, more 
phase jumps occur. To obtain an accurate full continuous extended phase map, a higher number 
of projected fringe patterns with different frequencies are required [94]. In FPP, calculation of 
the phase map for each fringe frequency requires the capture of at least three phase-shifted 
images. Therefore, to apply heterodyne temporal phase unwrapping using three different phase 
maps, FPP methods require the projection and capture of nine images, which may cause phase 
error in measuring dynamic objects, either moving or deforming. It is thus desirable to devise a 
method of temporal phase unwrapping that reduces the number of required pattern projections, 
while still maintaining an accurate full continuous phase map.  
2.3 Digital Moiré 
To benefit from the advantages of multi-pattern projection of phase-shifted fringes and single-
frame techniques, without combining phase-shifted patterns into one frame, a digital moiré 
technique [18] can be used. In digital moiré [110], moiré patterns are generated by projecting a 
computer-generated grid onto the object (Fig. 2.8), capturing a single frame from an angle (Fig. 
2.9a), and in a post-process, superimposing a synthetic grid of the same frequency as in the 
captured image (Fig. 2.9a) to obtain a moiré pattern (Fig. 2.9b), while phase-shifting is carried 
out as a post-process simply by digitally shifting the synthetic grid across the captured image 
using digital image processing to obtain a phase-shifted moiré pattern (Fig. 2.9c). The digital 
post-process phase-shifting generates separate phase-shifted moiré patterns in separate images, 
and thus eliminates the problems associated with multiple phase-shifted patterns combined in a 
single composite pattern. As a result, a high quality (resolution and accuracy) phase map can be 
computed by capturing a single image. This advantage of digital moiré provides an opportunity 
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to decrease the number of patterns projected. However, in previous attempts to apply digital 
phase-shifting moiré to perform 3D surface-shape measurement [52-54], there have been 
significant limitations.  
 
 
Figure 2.8. Optical setup of the digital moiré technique. 
 
 
       
                                 (a)                                (b)                               (c) 
Figure 2.9. (a) Captured image of line patterns on a manikin head, (b) generated moiré pattern 
based on digital moiré, and (c) phase-shifted moiré pattern.  
2.3.1 System calibration in digital moiré  
In the digital moiré technique in [52], the computation of surface height from phase was 
performed using direct measurement of system parameters, without system calibration of phase-
to-height mapping. Accurate system calibration has since remained a challenge for 3D shape 
measurement by digital phase-shifting moiré. In optical moiré (shadow and projection) 
profilometry, the moiré wavelength  can implicitly represent system geometry parameters [55], 
and can be therefore used in system calibration. However, moiré wavelength was only used for 
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measurement of objects with small range of depth, such as optical lenses. Therefore, a new 
method of system calibration is required to avoid the need for optical-setup parameter 
measurement, as well as handle a greater range of calibration depth.  
2.3.2 Grid removal in digital moiré 
For optical and digital moiré techniques, the superposition of the grid lines with the deformed 
light pattern generates an image containing useful moiré contours with encoded surface-height 
information, as well as unwanted high-frequency grid lines. In order to calculate the object 
surface height from the moiré contours, the generated images must be free of grid lines. Several 
grid removal methods, including time averaging [111], multiple-image discrete averaging [112], 
and single-image filtering [52, 113], have been used in moiré profilometry but all methods have 
limitations. In-plane translation of the grating in shadow moiré [111, 114] and synchronized in-
plane translation of the projection and viewing gratings in projection moiré [29, 115] can 
eliminate the grid lines by continuous time-averaging image capture of the grid (during a single 
camera time-exposure). In-plane grating translation in shadow moiré and synchronized in-plane 
translation of the gratings in projection moiré to multiple equidistant positions and discrete 
averaging of the images captured at these static-grating positions can also eliminate the grid lines 
[112, 116]. Alternatively, discrete grid averaging can be achieved without mechanically moving 
any optical components using two separate liquid crystal light modulating grids [117]. However, 
the main limitations of these averaging processes in grid removal are the requirement of precise 
grid translation for discrete and continuous methods, and the need to capture more than one 
frame for discrete averaging. Multiple-frame capture is a disadvantage for 3D shape 
measurement of dynamic object surfaces, either moving or deforming, because of the higher risk 
of motion artifacts compared to single-frame measurement. Digital moiré permits measurement 
using only a single frame (image capture) of the projected grid on the object with a continuous 
surface using only one phase map. However, digital moiré sacrifices the advantages of shadow 
and projection moiré of acquiring grid-free moiré contours (by the in-plane grating translation 
and simple intensity averaging described above). A single-frame grid removal technique is 
therefore required in order to permit single-frame moiré-based measurement. 
Low-pass filtering (LPF) has been used for single-frame grid removal in digital moiré 
[52]. However, LPF causes blurring and smearing of the fine details of moiré contours and 
furthermore, requires clear separation between the moiré contour and grid frequencies in order to 
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set a suitable cut-off frequency. Grid removal in digital moiré was also achieved without LPF by 
sequentially projecting and capturing images of multiple shifted grids, and performing discrete 
image averaging [53]. However, the multiple-image capture rendered the method a multiple-
frame technique. 
The Stationary Wavelet Transform (SWT) has been used for single-frame grid removal in 
simulated shadow moiré [113] and performs well in removing grid lines and preserving fine 
details without introducing artifacts to the de-noised image in comparison to LPF. However, 
SWT only works well in removing straight lines, and is unable to completely remove curved grid 
lines, which occur in regions of large changes in depth. Increasing the decomposition level could 
improve grid removal, but at the cost of excessive smearing of moiré contours. Therefore, a 
reliable single-frame grid removal technique is required to completely remove the high 
frequency grid (both straight and curved lines) without introducing artifacts, and preserve the 
moiré pattern without blurring and degradation. 
2.3.3 Temporal phase unwrapping in digital moiré 
In moiré fringe profilometry, methods have been developed to minimize the number of projected 
patterns for temporal phase unwrapping. Within plane rotation of two gratings in opposing 
directions generates open moiré patterns with different pitches [118]; however, the application of 
Fourier transform to extract the phase map limits accuracy, and the requirement of physical and 
precise mechanical rotation of gratings limits applications, especially for dynamic object 
measurement. In colour grating projection moiré [119], a colour projection grating is used with a 
black and white viewing grating. Three moiré phase maps with different wavelengths can be 
computed and used in temporal phase unwrapping; however, colour channel crosstalk and colour 
imbalance make colour stripe separation difficult. Two-frequency phase shifting projection 
moiré topography [59, 60], was also developed to cope with the measurement of objects with 
discontinuities and spatially isolated objects. However, in addition to the capture of four phase-
shifted moiré patterns at each frequency (using mechanical translation of grating), the absolute 
fringe order was only approximated using grating pitches applied at different frequencies, which 
causes error in the phase unwrapping process.  
In digital moiré, a single grid image is projected and captured and phase shifting is 
performed digitally in a post process. These benefits were utilized in [54] to achieve digital-
moiré temporal phase unwrapping with few images. Two fringe patterns with different 
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frequencies were projected separately onto an object surface to calculate two phase maps with 
different wavelengths, and the extended phase map was then calculated by subtracting the two 
phase maps. While this technique can handle surface discontinuities, the calculated extended 
phase map has a low signal-to-noise ratio (SNR). Therefore, a method of accurate temporal 
phase unwrapping is required using few projected patterns while maintaining an accurate 
continuous phase map.   
2.4 Discussion 
The speed of the image acquisition stage (2D image acquisition of projected-patterns on the 
object surface) is important in the 3D-shape measurement of moving and deforming objects to 
avoid motion artifacts. Digital moiré has the advantageous of minimizing the number of patterns 
projected compared to FPP; however there have been significant limitations in current digital 
moiré techniques. Lack of suitable methods for system calibration over extended depth, high 
frequency grid removal, and temporal phase unwrapping, have been the main limitations of 
digital moiré techniques. 
Direct measurement of optical system parameters in digital moiré, and small range of 
depth measurement in optical moiré (shadow and projection methods) are two main limitations 
in previous system calibration techniques in moiré profilometry. A new calibration method is 
developed, as detailed in Chapter 3, to address the limitation of previous system calibration and 
to handle a greater range of calibration depth.  
The requirement of precise mechanical grid translation, and capture of multiple frames 
are the main limitations of continuous and discrete averaging grid removal methods, 
respectively. Blurring of moiré pattern, introduction of artifacts, and inability to completely 
remove curved grid lines are the main limitations in previous single-image filtering grid removal 
techniques. The developed single-image filtering method detailed in Chapter 4, removes high 
frequency grid lines, both straight and curved lines, without introducing artifacts, while 
preserving the moiré pattern without blurring and degradation.  
To perform temporal phase unwrapping in moiré, plane rotation of two gratings in 
opposing directions has been developed. However, application of Fourier transform to extract the 
phase map and requirement of physical and precise mechanical rotation of gratings are the main 
limitation of this technique. Colour channel crosstalk and colour imbalance are the main 
limitations of temporal phase unwrapping using colour grating projection moiré. Absolute fringe 
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order approximation using grating pitches developed in two-frequency phase shifting projection 
moiré makes that temporal phase unwrapping procedure unreliable. Further limitations of 
previous temporal phase unwrapping methods are the high number of projected and captured 
images used in FPP, and the low signal-to-noise ratio of the extended phase map in digital moiré 
approaches. An improved temporal phase unwrapping was developed to address these 
limitations, as detailed in Chapter 5. 
The new digital moiré techniques developed in Chapters 3 to 5 minimize the number of 
projected patterns, while maintaining accurate 3D surface-shape measurement either with 
continuous or discontinuous surface geometry. 
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Chapter 3 
Digital moiré system calibration 
by pixel-wise moiré-wavelength refinement  
In this chapter, a novel pixel-wise moiré-wavelength refinement technique was developed for 
system calibration in single-frame digital phase-shifting 3D shape measurement. The method 
requires projection of only a single binary grid pattern and capture of a single image frame.   
3.1 Overview of 3D shape measurement and calibration  
The 3D shape measurement method includes the following steps (Fig. 3.1), each of which is 
explained in detail in Sections 3.2 to 3.6. A binary grid pattern is projected onto the object and a 
single frame of the deformed grid is captured by camera (Fig. 3.1a, Section 3.2). Phase-shifted 
images (containing moiré pattern and grid) are digitally generated (Fig. 3.1b, Section 3.2). Pure 
moiré patterns are extracted from the generated images by grid removal (Fig. 3.1c, Section 3.3). 
Phase is extracted from moiré patterns by phase-shift analysis (Fig. 3.1d, Section 3.4). System 
calibration is performed to determine the phase-to-height mapping (Fig. 3.1e, Section 3.5). 
Height is computed from phase using pixel-wise moiré-wavelength refinement and the phase-to-
height mapping (Fig. 3.1f, Section 3.6).  
 As commonly done in optical metrology, the full process of measurement system 
calibration is carried out only once before height computation from phase [24]. However, in this 
thesis, one calibration parameter, the moiré-wavelength, is refined based on an initial surface 
height measurement as detailed in Section 3.6. 
3.2 Generation of phase-shifted images from single frame capture 
The entire image acquisition process consists simply of projecting a binary grid pattern (black 
and white parallel-lines) onto the object surface, and capturing a single frame (image) of the 
deformed lines on the object surface by a camera (Fig. 3.1a). Then in a post process, a 
synthetically produced (computer generated) grid of the same pitch (period) as the captured 
frame is overlaid on the captured image and digitally shifted to generate multiple phase-shifted 
images [110]. In comparison to conventional shadow [26] and projection moiré [29], the ability 
to perform phase-shifting as a digital post-process to the frame (image) capture rather than 
optically, avoids complicated setup, and permits flexibility in adjusting the grid pitch, number of 
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phase-shifted patterns, and amount of phase shift. Furthermore, the projection of a binary grid 
pattern has the advantages of avoiding gamma nonlinearity [8]. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Figure 3.1. Procedure of 3D object-shape measurement based on single-frame moiré. 
Since the phase shifting is performed digitally, it is not possible to perform subpixel 
shifting of the superimposed synthetic grid. Thus, the constraint on the amount of phase shift  is 
that it should not require subpixel shifting. The smallest amount of phase shift that can be 
performed digitally is one pixel. Using this one-pixel shift gives flexibility in the amount of 
phase shift for the remaining images and in the number of phase shifted images that can be used. 
Such an approach of phase shifting and phase extraction, developed for conventional shadow 
moiré [120], is thus used here for digital moiré. Four phase-shifted patterns, required to extract 
the phase map, are generated as follows: 
The first phase-shifted frame is produced by superimposing the computer-generated grid 
onto the captured frame and is considered to have zero phase-shift: 
( )1( , ) ( , ) ( , ) sin ( , )I x y a x y b x y x y= + Φ  ,                                                (3.1) 
1h  
Camera 
Projector 
X 
Z O 
a. Grid projection and   
      single frame capture 
b. Generation of phase-shifted 
         moiré patterns 
c. Extraction of moiré patterns 
     by grid removal  
d. Wrapped  
phase 
Unwrapped 
phase 
f. 3D point cloud from phase   
    to height computation  
e. System calibration 
h i  
Fl
at
 
Pl
at
e 
ℎ 
 30  
 
where 1( , )I x y  is the intensity map, ( , )a x y  and ( , )b x y  are intensity background and 
modulation, respectively, ( , )x y  are the image coordinates, and Φ  is the phase value that 
contains object height information. The computer-generated grid is then translated digitally by 
half of its pitch (period), to generate the second frame with phase shift pi  with respect to the first 
frame: 
( )2 ( , ) ( , ) ( , ) sin ( , )I x y a x y b x y x y pi= + Φ + .                                          (3.2) 
The third frame is generated by translating the computer-generated grid by a single pixel 
with the aim of achieving the smallest amount of phase shift with respect to the first frame: 
( )3( , ) ( , ) ( , ) sin ( , )I x y a x y b x y x y δ= + Φ +  .                                          (3.3) 
The amount of phase shift thus depends on the resolution of the captured frame. For 
instance, if the grid pitch in the captured frame is 6 pixels, the smallest amount of phase shift 
generated by translating the computer-generated grid by one pixel is 2 6δ pi= . Finally, the 
fourth frame is generated with a phase shift of	pi  with respect to the third frame: 
( )4 ( , ) ( , ) ( , ) sin ( , )I x y a x y b x y x y δ pi= + Φ + +  .                                   (3.4) 
 The resulting phase-shifted images (Fig.3.1b) contain the moiré contours generated by 
the interference of the projected and overlaid synthetic grids, as well as unwanted high-frequency 
grid patterns. These grid patterns must be removed in order to extract the pure moiré patterns, 
from which phase information and object surface height will be computed. 
3.3 Extraction of moiré pattern by wavelet-Fourier grid removal 
To remove the unwanted high frequency periodic grid pattern and thus extract the pure moiré 
patterns from the generated phase-shifted images, Fourier transform [52] and wavelet transform 
[113] techniques have been used. Application of Fourier transform with a low-pass filter (LPF) 
[52] can remove the unwanted pattern; however, overlapping frequencies of the moiré and grid 
patterns cause poor quality of the extracted moiré patterns. The Stationary Wavelet Transform 
(SWT) was used for noise suppression [121] without excessive blurring of important image 
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details; however, the method was only successful in removing straight grid lines. SWT was 
unable to remove curved lines, especially those with higher curvature at greater depth gradient. 
Increasing the decomposition level can improve grid removal, but at the cost of excessive image 
blurring and degradation of the moiré contours. 
To improve the ability of the wavelet transform to remove curved grid lines from the 
generated phase-shifted images, a combination of wavelet and Fourier transforms [122] is newly 
used here for grid removal. In this wavelet-Fourier technique, wavelet coefficients are dampened 
by multiplying the Fourier transform of the wavelet coefficients by a Gaussian function ( , )g x y : 
     
2
22( , ) 1
x
g x y e σ
−
= − ,                                               (3.5) 
where the value of damping factor B is based on the amount of grid line deviation from a straight 
line. The damping coefficient is applied only to the wavelet coefficients that contain the relevant 
grid line information. The grid removal technique based on combined wavelet and Fourier 
transform are detailed in Chapter 4. Once the unwanted high frequency periodic grid pattern is 
removed from the phase shifted images, the extracted moiré patterns (Fig. 3.1c) can be used for 
phase-shift analysis to compute phase. 
3.4 Phase-shift analysis 
To compute the object surface height from the generated moiré patterns, the phase information 
must first be calculated. From Eqs. 3.1 and 3.2, by subtracting 1I  from 2I  and dividing by 2, the 
coefficient ( , )a x y can be removed and the computed phase thus becomes independent of the 
background intensity. 
             
2 1
0
( , ) ( , )( , ) ( , )sin( ( , ))
2
I x y I x yI x y b x y x y−′ = = Φ  .                              (3.6) 
From Eqs. 3.3 and 3.4, for the third and fourth frames: 
          
4 3( , ) ( , )( , ) ( , )sin( ( , ) )
2
I x y I x yI x y b x y x yδ δ
−
′ = = Φ + .                           (3.7) 
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Finally by solving Eqs. 3.6 and 3.7 simultaneously, the phase can be calculated as follows: 
                 
0
0
( , )sin( , ) arctan ( , ) ( , )cos
I x y
x y
I x y I x yδ
δ
δ
′
Φ =
′ ′
−
 .                                         (3.8) 
Eq.3.8 implies that the computed phase is independent of the background ( , )a x y and 
modulation intensities ( , )b x y . Because of the arctan function, the computed phase (Fig. 3.1d) is 
wrapped in the range [ ],pi pi− + and can be unwrapped by applying a 2D phase unwrapping 
technique [36]. 
3.5 System calibration 
The main purpose of system calibration (Fig. 3.1e) is to determine the phase-to-height mapping 
that will be used during height (depth) reconstruction for object shape measurement. The 
relationship between the computed unwrapped phase ϕ and object height h  depends on the 
system-geometry parameters and can be expressed as follows [24]: 
                                                          ( , ) ( , )h x y K x yϕ= .                                                     (3.9) 
In this research, the moiré wavelength can implicitly represent system geometry parameters 
[55], and was therefore used in system calibration. In this approach, there is no need to compute 
the unwrapped phase ϕ  during the entire system calibration. The coefficient K  in Eq. 3.9 is a 
function of the moiré wavelength λ : 
                                                              
2
K λ
pi
= ,                                                               (3.10) 
where, the moiré wavelength λ  is defined as the distance between two successive bright or dark 
fringes of a moiré pattern on a flat plate, and is determined as follows. A plate is mounted on a 
translation stage and moved toward the camera-projector plane to several known positions (Fig. 
3.1e). At each position, the same grid pattern used during object measurement is projected onto 
the plate and an image is captured by a camera. The translation should be performed over the full 
depth of the object of interest. The capture of multiple frames is only required during system 
calibration, and not during object measurement. 
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For each plate position, a computer-generated grid pattern, of the same pitch as in the 
captured frame, is digitally superimposed onto the captured image to generate a moiré pattern. 
Each moiré pattern has a phase shift relative to the previous frame due to plate translation toward 
the camera-projector plane. The generated frames (for all positions) are filtered by the wavelet-
Fourier method to remove the high frequency grid and extract pure moiré patterns. 
The moiré pattern at each position is then used to obtain the moiré wavelength λ . The 
intensity at a single pixel is tracked across all plate positions, seen as red nodes in Fig. 3.2. For 
any pixel, the moiré fringe intensities across plate positions follow a near-sinusoidal function of 
the plate translation. The moiré wavelength λ can be estimated by the distance between two 
successive maxima (bright fringes) or two successive minima (dark fringes), respectively. A 
coarse measurement of the object height is possible using this estimated moiré wavelength. 
It is common to assume that λ  is constant between successive moiré fringes [55]. However, 
the moiré wavelength decreases with increasing calibration depth. This means that during object 
measurement, the value of the moiré wavelength would vary for different object heights. The 
determination of the moiré wavelength as a function of height should therefore be included in the 
calibration process, to allow refinement of the height reconstruction later during object 
measurement. 
 
Figure 3.2. Intensity variation across different plate positions at arbitrary pixel j during 
calibration, showing six peaks and moiré-wavelength shown at 3, jλ . 
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For each pixel j=1,2,…n, where j is the pixel index, and n is the total number of pixels in an 
image, the intensities are tracked over plate positions and a multi-quadric approximation function 
is fitted to the intensity-position nodes (Fig. 3.2). The moiré wavelength
,i jλ is computed at each 
pair of successive peaks (where i=1,2...m-1 is the peak number, and m is the number of 
successive peaks), for all pixels. The average moiré wavelength over all pixels iλ 	is then 
computed at the different peak pairs corresponding to different positions (heights). 
                                                       
,
1
1( ) ( )
n
i i j
j
h h
n
λ λ
=
= ∑  .                                                  (3.11) 
Finally, the moiré wavelength as a function of height is approximated by a line fit to all ( )i hλ , 
i=1,2...m-1. 
The entire process to determine the moiré wavelength as a function of height ( )hλ  is 
summarized as follows: 
1) Project grid pattern onto plate. 
2) Translate plate toward camera-projector plane to several known positions. 
For each plate position: 
3) Capture frame and overlay synthetic grid on each captured frame to generate moiré pattern 
(containing grid). 
4) Remove high frequency grid to extract pure moiré pattern from each generated frame. 
For each pixel: 
5) Track pixel intensities over all plate positions. 
6) Fit an approximation function to the intensity-position nodes extracted in Step 5. 
7) Compute moiré wavelength at each pair of m successive peaks of fitted function. 
8) Average extracted moiré wavelength in Step 7 over all pixels, at different peak pairs 
corresponding to different plate positions, yielding ( )i hλ . 
9) Determine moiré wavelength as a function of height ( )hλ  by fitting a line to all ( )i hλ
computed in Step 8. 
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Once	 ( )hλ is determined by the above process, the phase-to-height mapping is completed: 
                                                                 
( )( , ) ( , )
2
hh x y x yλ ϕ
pi
=  .                                            (3.12) 
The developed system calibration only performs phase-to-height mapping (depth, Z axis), 
and thus requires separate X-Y plane calibration. An object with known geometry (WxL, width x 
length in the X-Y plane is used to perform X-Y plane calibration. The mapping of pixel 
coordinates to real world coordinates is computed by: 
                                                    D= = E'F,     D? = G'H.                                                 (3.13) 
where, = and  ? are the number of pixels in the captured image corresponding to the true 
width W and length L of the object of known geometry, and (D=, D? are the scaling parameters, 
respectively. The real world coordinates of an object surface in the X-Y plane, (IJ, KJ), are 
calculated as IJ= x D= and, KJ= y D?, where (x, y) are the image coordinates. The reference plate 
images, used in phase-to-height mapping, are also used for the X-Y plane calibration. 
  
3.6 Height computation from phase using pixel-wise moiré-wavelength refinement 
For object shape reconstruction, the phase-to-height mapping (Eq.3.12), determined during 
calibration (Section 3.5), is used to obtain an estimate of the object height distribution. A more 
accurate height distribution is then computed after refinement of the moiré wavelength using the 
wavelength-height relation explained below. The entire height computation procedure in Steps I-
III below, is performed during object measurement using the moiré wavelength as a function of 
height ( )hλ , determined in Step 9 of Section 3.5. ( , )x yϕ  in Eqs. 3.14-3.16 below, is the 
unwrapped phase difference between the object and a reference plane. A flat region in the only 
frame captured during the single-frame object measurement can be used as the reference plane. 
I. Estimate the object height distribution by: 
                                          1
( )
2( , ) ( , )
2
CH
h x y x y
λ
ϕ
pi
=
ɶ
 ,                                                 (3.14) 
where CH  is the entire calibration depth (over which calibration is performed). 
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II. a) Determine the maximum object height 1 maxhɶ   over all pixels. 
b) Refine the object height by: 
                                          
1
2
( )
2( , ) ( , )
2
max
h
h x y x y
λ
ϕ
pi
=
ɶ
ɶ
 .                                           (3.15) 
III. a) Perform pixel-wise moiré-wavelength refinement: ( )2( , )h x yλ ɶ . 
b) Perform pixel-wise object height refinement by: 
                                            
( )2( , )( , ) ( , )
2
h x y
h x y x y
λ
ϕ
pi
=
ɶ
 .                                         (3.16) 
In Step III, the moiré-wavelength refinement is performed pixel-wise because the object 
height will vary across pixels. There is no further iteration beyond Step III, once the height 
computation is performed pixel-wise (Eq. 3.16). 
3.7 Experiments and results 
3.7.1 Experimental setup 
To demonstrate the method of single-frame digital phase-shifting shape measurement using 
pixel-wise moiré-wavelength refinement, experiments were performed using an optical setup 
consisting of a LCD projector (Panasonic PT-AE7000U), monochrome CCD camera (Basler 
avA1000-100gm) with 1024 x 1024 resolution, with approximately 11 deg camera-projector 
angle, and 2.5 m camera-projector-plane to object distance (Fig. 3.3). 
 
Figure 3.3. Optical setup in single-frame digital phase-shifting moiré. 
Flat plate 
Linear translation stage 
Camera 
Projector 
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3.7.2 Calibration 
Calibration was performed as in Section 3.5 using a flat plate, mounted on a linear translation 
stage and translated to 81 positions in 1.25 mm increments over a 100 mm calibration depth with 
0.007 mm translation precision. The grid in all captured frames had a 6-pixel pitch. Extraction of 
moiré patterns by high frequency grid removal employed the wavelet-Fourier transform with 
Daubechies wavelets (DB30), three decomposition levels, and damping factor 15σ = . 
The resulting captured frame of the binary grid projected onto the plate, the generated moiré 
pattern containing the high frequency grid after superposition of the computer-generated grid on 
the captured frame, and the moiré pattern extracted by the wavelet-Fourier transform grid 
removal are shown in Figs. 3.4a-3.4c, respectively. An intensity plot of one column of Fig. 3.4c 
shows the moiré pattern to be nearly sinusoidal (Fig. 3.4d). The moiré patterns, phase shifted due 
to plate translation toward the camera-projector plane, are shown in Fig. 3.5 after grid removal, 
for five sample positions of 81 positions. 
           
(a)                      (b)                             (c)                     (d) 
Figure 3.4. Generation of moiré pattern during calibration: a) captured frame of binary grid 
projected onto plate, b) generated moiré pattern image containing high frequency grid, c) moiré 
pattern extracted by wavelet-Fourier transform grid removal, and d) intensities along middle 
column of image in (c). 
 
         
(a)                                 (b)                                 (c)                                 (d)                                 (e) 
Figure 3.5. Phase shifted moiré patterns due to plate translation to known positions with shifts: a) 
0, b) 1.25 mm, c) 2.5 mm, d) 3.75 mm, e) 5 mm. 
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The tracking of pixel intensities over 81 plate positions produced six peaks, from which five 
( )i hλ were computed (Fig. 3.2). The moiré-wavelength function of height (plate position) 
approximated by fitting a line to the five ( )i hλ  is shown in Fig. 3.6. The moiré wavelength 
varies from 15.2 to 16 mm, over the calibration depth of 100 mm, indicating the potential benefit 
of pixel-wise wavelength refinement (using this wavelength-height function) when performing a 
measurement. 
 
Figure 3.6. Moiré-wavelength function of height (plate position) approximated by fitting line to 
five ( )i hλ  (seen as nodes), for wavelength and object height refinement. 
 
3.7.3 Measurement 
For all object measurements, a single grid pattern (with the same pitch used in the calibration) 
was projected onto the object and only a single frame was captured. The computer-generated 
grid pattern of the same pitch (6 pixels) as the captured frame was digitally superimposed and 
shifted to generate four phase-shifted images with 1 0δ = , 2δ pi= , 3 2 / 6δ pi= , 4 2 / 6δ pi pi= + , 
respectively. The high-frequency grid removal was performed using the same parameters as in 
the calibration above. The phase calculation and height computation from phase using pixel-wise 
moiré-wavelength refinement were performed as in Sections 3.4 and 3.6, respectively. 
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The single-frame digital phase-shifting shape measurement with pixel-wise moiré-
wavelength refinement was performed on a flat plate at multiple positions, a hemispherical 
object, and a manikin head. All measurement results are presented with no filtering or smoothing 
at any stage. 
The flat plate was measured at depths of 5 to 30 mm from an initial position in increments of 
5 mm. For each plate position, computation was performed of the mean depth (L̅ = 
'∑ L>'>(
 , 
over all measured points (all pixels), standard deviation (SD) of the measured depth  
NO = P
'∑ QL> − L̅R'>(
 , and root-mean-square error (RMSE) (over all pixels) 
                   	SANT = 	P
'∑ L> − O'>(
  ,                             (3.17) 
where L> is the perpendicular distance between a measured point and a plane fitted to all 
measured points in the initial position; D is the true depth (height), determined from the 
translation stage; and N is the total number of measured points. 
The RMSE in measurement of the flat plate at Steps I, II, III (Section 3.6) (Fig. 3. 7) of the 
pixel-wise moiré wavelength and height refinement show improvement in measurement accuracy 
at each step. The ranges of RMSE were 0.334 to 0.828 mm at Step I, 0.199 to 0.360 mm at Step 
II, and 0.204 to 0.261 mm at Step III of the measurement. Improvement in measurement 
accuracy was generally seen at each step, with the best improvements of 0.567 mm from Steps I 
to III at plate position 30 mm and 0.156 mm from Steps II to III at plate position 25 mm.  
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Figure 3.7. RMSE in measurement of a flat plate at known positions, using the new single-frame 
digital phase-shifting moiré method, at Steps I, II, III (Section 3.6) of the pixel-wise moiré 
wavelength and height refinement. 
These improvements demonstrate the benefit of the pixel-wise moiré wavelength and height 
refinement using ( )2( , )h x yλ ɶ  in Step III, compared to using half the maximum object height in 
Step II, and half the calibration depth in Step I. Details of the measurement accuracy are given in 
Table 3.1 for the final refinement (Step III). The developed single frame method achieved RMSE 
of 0.20 to 0.26 mm, and mean plate depth measurement accuracies within 0.15 mm at a 2.5 m 
camera to object standoff distance. 
Table 3.1. Mean depth (height), SD, and RMSE in measurement of a flat plate at known 
positions. 
True depth ±0.007(mm) 5.000 10.000 15.000 20.000 25.000 30.000 
Mean depth (mm) 
SD (mm) 
RMSE (mm) 
4.915 
0.195 
0.213 
10.096 
0.226 
0.246 
14.933 
0.194 
0.205 
20.114 
0.174 
0.209 
25.045 
0.199 
0.204 
29.850 
0.222 
0.261 
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The hemispherical object was measured by projecting the same grid pattern as for the 
plate. The single captured frame and four generated phase-shifted moiré frames are shown in 
Figs. 3.8a-3.8e. The computed wrapped and unwrapped phase maps and 3D measured surface 
represented as a point cloud are illustrated in Fig. 3.9. A least-squares fitted sphere to the 
measured points had a radius of 50.93 mm compared to the true radius 50.80 mm, and thus an 
error of 0.13 mm, with sphere fitting SD 0.37 mm. The hemisphere measurement RMSE (based 
on differences between radius of measured points and true radius) was 0.39 mm. A sample cross-
section of measured points with the true semicircle (Fig. 3.10), demonstrate the effectiveness of 
the proposed single-frame measurement method. The measured points are close to the true values 
for most of the surface. As commonly occurring, larger errors are seen near the edge of the 
surface, where the camera and projector optical axes are nearly parallel to the surface. 
         
(a)                        (b)                         (c)                         (d)                        (e) 
Figure 3.8. Hemispherical object measurement: a) single captured frame, and b-e) four generated 
phase-shifted moiré frames with 0δ = ,δ pi= , 2 / 6δ pi= , and 2 / 6δ pi pi= + , respectively. 
                   
(a)                                        (b)                                          (c) 
Figure 3.9.  Hemispherical object measurement: a) wrapped phase map b) unwrapped phase map 
(c) 3D measured surface as point cloud. 
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 Figure 3.10. Sample cross-section of measured points of hemisphere and true semicircle. 
 
The manikin head was measured by the single-frame measurement method using the same 
grid pattern as for the plate and hemisphere. A single captured frame of the projected grid on the 
object surface, a sample generated moiré pattern containing the high frequency grid, and four 
phase-shifted moiré patterns after grid removal are shown in Fig. 3.11. The computed wrapped 
and unwrapped phase maps and 3D measured surface represented as point clouds are illustrated 
in Fig. 3.12. The measurement shows the ability of the proposed method to measure surface 
features of the object. 
       
(a)                   (b)                     (c)                     (d)                     (e)                    (f) 
Figure 3.11. Generation of moiré contours on manikin head by digital phase shifting: (a) 
captured frame of projected grid, b) sample generated moiré pattern containing high frequency 
grid, c-f) generated phase-shifted moiré patterns after grid removal with 0δ = ,δ pi= , 2 / 6δ pi=
, and   = 2 6⁄ 	 , respectively. 
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(a)                                     (b) 
        
     (c) 
Figure 3.12. 3D measurement of manikin head: (a) wrapped phase (b) unwrapped phase (c) point 
cloud representations of measured points of the surface. 
3.8 Discussion 
Direct measurement of optical system parameters in digital moiré, and small range of depth 
measurement in optical moiré (shadow and projection method) are two main limitations in 
previous system calibration techniques in moiré profilometry. The moiré-wavelength based 
phase-to-height mapping method, developed in this thesis for digital moiré, avoids the need for 
optical-setup parameter measurement and is thus an improvement over previous digital moiré 
techniques. The computed wavelength-height function takes into account the moiré wavelength 
variation over calibration depth when measuring an object over extended depth. The novel 
moiré-wavelength refinement technique, which performs pixel-wise computation of the 
wavelength based on height (depth), improved measurement accuracy compared to measurement 
using a single global wavelength across all pixels. The new method was able to measure surface 
height using only a single captured frame of the object surface with only a single projected grid 
pattern. The projected pattern was a simple binary grid, which avoids problems associated with 
gamma nonlinearity.  
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Chapter 4 
Single-frame grid removal in digital moiré  
In this chapter, a new single-frame grid removal technique was developed for application in 
single-frame digital-moiré 3D shape measurement. The ability of the stationary wavelet 
transform (SWT) to prevent oscillation artifacts near discontinuities, and the ability of the 
Fourier transform (FFT) applied to wavelet coefficients to separate grid lines from useful image 
information, were combined in a new technique, SWT-FFT, to remove grid lines from moiré-
pattern images generated by digital moiré.  
4.1 Digital generation of phase-shifted moiré patterns 
In digital-moiré, phase-shifted moiré patterns are generated by firstly projecting a binary grid 
onto the object surface, using the setup shown in Fig. 4.1, and capturing a single frame (Fig. 
4.2a).  
 
Figure 4.1. Optical setup for digital moiré 3D shape measurement (side view). 
The Fourier series expansion of the intensity distribution RI of the captured image when a 
horizontal binary grid is projected onto a reference flat plate is given by:       
                                           ( )R 0
1
2
, cos( )n
n
nI x y a a y
p
pi∞
=
= +∑ ,                                           (4.1) 
where p is the grid pitch, and (x, y) are the image coordinates. The intensity distribution OI of the 
captured image when the same binary grid is projected onto an object surface is: 
  ( )O 0
1
2
, cos( ( , )),m
m
mI x y b b y x y
p
pi φ
∞
=
= + +∑                                            (4.2) 
 45  
 
where ( , )x yφ  is the phase distribution which contains object height information: 
                                                        ( )2 ta, )) ,( n (x x
p
y Z ypi θφ = ,                                              (4.3) 
where θ  is the angle between the camera and projector and ( , )Z x y  is the height distribution. 
Assuming that the object to camera-projector standoff distance H is much bigger than the surface 
height, H >> ( , )Z x y , the relation between the phase and object height is linear:  
                                                  
2( , ) ( ) ( , )dx y Z x y
p H
piφ = .                                                 (4.4) 
Eq. (4.2) can be rewritten as: 
                               ( )O 0
1
2 2 ( , )
, cos( )m
m
m d Z x yI x y b b y
p pH
pi pi∞
=
= + +∑ .                                (4.5) 
Moiré patterns are generated digitally in a post-process, by first producing a synthetic 
grid SI with the same pitch (period) as the captured frame on the flat plate,  
                                          ( )S 0
1
2
, cos( )n
n
nI x y a a y
p
pi∞
=
= +∑ .                                               (4.6) 
The synthetic grid SI  is then superimposed over the captured image of the deformed grid 
on the object surface, OI . The resultant transmission function MI upon superimposition is given 
by the product of  SI  and OI . 
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The first term of the product 0 0a b is the background intensity, and the second and third 
terms are the deformed and straight grids, respectively. The fourth term represents moiré patterns 
that can be expressed as: 
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1 1
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The first and second terms in Eq. (4.8) represent the constructive and destructive 
interference, respectively, of the captured deformed grid and straight synthetic grid. The 
constructive and destructive interference generate bright and dark fringes of the moiré pattern, 
respectively (Fig. 4.2b). 
       In order to extract phase information from moiré patterns to compute height, phase shift 
analysis [24] can be used with at least three phase-shifted moiré patterns. To generate phase-
shifted moiré patterns (Fig. 4.2c), digital translation of the synthetic grid by kδ , a fraction of the 
grid pitch, is performed by: 
                                    ( )KS 0
1
2
, cos( ( )),n k
n
nI x y a a y
p
pi δ
∞
=
= + +∑                                         (4.9) 
where (( 1) / )k p k jδ = − , KSI  is the synthetic grid for the kth shift (k=1,…,j) ,and j is the number 
of phase shifts. In comparison to optical moiré [26, 29], the amount of phase shift in digital 
moiré is independent of the system geometry parameters and object height. The generated phase-
shifted moiré images in Eq. 4.7, contain useful moiré contours (fourth term) with encoded 
surface-height information, as well as unwanted high-frequency deformed and undeformed grid 
lines (the second and third terms). 
   
 Figure  4.2. Generation of moiré contours on manikin head by digital phase shifting: (a) single 
captured frame of projected grid, b) generated moiré pattern containing high frequency grid, c) 
generated phase-shifted moiré pattern with pi  phase shift respect to (b) containing high 
frequency grid. 
This grid lines must be removed without degradation of the moiré patterns to allow 
accurate phase extraction from the moiré patterns for object height calculation. The grid removal 
technique must be single-frame, to maintain the entire method single-frame. 
a b c 
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4.2 Grid removal 
The Fourier transform has been used in grid removal for moiré patterns; however, it has been 
found to blur and smear the fine moiré patterns and introduce artifacts in the de-noised images 
[52]. The wavelet transform has been successful in removing the undeformed (straight) lines; 
however, it is unable to remove the highly curved deformed lines. A successful single-frame grid 
removal technique should completely eliminate the highly curved grid lines without blurring and 
smearing the moiré patterns and without introducing artifacts in the de-noised image. 
The stationary wavelet transform (SWT) [123] has the shift-invariant property, which 
suppresses pseudo-Gibbs oscillations near discontinuities such as edges when performing noise 
reduction. A 2D wavelet transform of an image I(x, y) with MxN dimensions yields four 
coefficients: approximation coefficient LcA , and horizontal UOV1 , vertical UOVW and diagonal  
UOVX, detail coefficients. The image can thus be decomposed into four sub-bands and expressed 
by [20]:   
                    ( ) L
1
( , ) ( , ),
L
H
L l H,l
M N l M N
x y xy yI x cA cD
=
= +Φ Ψ∑∑ ∑∑∑  
                             ( ) ( )
1 1
 ,  ,
L L
V D
l V,l l D,l
l M N l M N
cD x y cD x y
= =
+ +Ψ Ψ∑∑∑ ∑∑∑ ,                      (4.10) 
where L ( , )x yΦ  is the scaling function, H,lΨ , V,lΨ  , and D,lΨ  are wavelet functions, and L is the 
decomposition level. The approximation coefficient can be iteratively decomposed at each level, 
while the horizontal, vertical and diagonal detail coefficients will remain unchanged. In applying 
SWT, there is no coefficient decimation at each decomposition level that occurs with other 
wavelet methods. Thus, the size of all coefficients is equal to the size of the analyzed image for 
all decomposition levels. At each decomposition level, the scaling function is the low frequency 
component of the previous scaling function. The wavelet function is related to the order of 
applying filters. Since the wavelet transform is separable, scaling and wavelet functions can be 
written as follows: 
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                                                          (4.11) 
where Φ  and Ψ  are signals with low-pass and high-pass frequency spectra, respectively (Fig. 
4.3). Daubechies wavelets [124] are the most commonly used mother wavelets for image 
denoising and are classified by their number of zero moments or vanishing moments (zero 
crossings of wavelet). The wavelets with fewer vanishing moments smooth less, preserve more 
detail, and are therefore preferred for image denoising. Wavelets with more vanishing moments 
cause more smoothing and produce border distortions, and are therefore less preferred for image 
denoising. Scaling and wavelet functions for two Daubechies mother wavelets are shown in Fig. 
4.4, where the number of vanishing moments for the scaling functions db5 and db12, are 5 and 
12 respectively. 
 
Figure 4.3.  Decomposition of image using Stationary Wavelet Transform (LPF: Low-pass filter, 
HPF: High-pass filter). 
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Figure 4.4. Scaling and wavelet functions of two different Daubechies wavelets: scaling 
functions: a) db5, b) db12; wavelet functions: c) db5, d) db12.  
Applying wavelet transform to a noisy image effectively condenses the horizontal grid 
lines (the second and third terms in Eq. 4.7) to the horizontal detail coefficient (UOV1) and 
approximation coefficient ( LcA ) and separates the grid lines from useful image components. The 
amount of grid information in UOV1 at each decomposition level depends on the spatial frequency 
of the captured grid on the object surface, which is directly related to the pitch of grid lines. 
Removal of thicker grid lines (greater pitch) requires a higher decomposition level than removal 
of thinner grid lines. For a large and adequate decomposition level, the impact of grid lines on 
the approximation coefficient ( LcA ) will be insignificant. To remove the grid lines, several 
approaches are possible. Setting all UOV1  at each decomposition level (l=1, …, L) to zero and 
applying the inverse wavelet transform removes grid lines; however, it also removes useful 
image information, and thus yields a poor quality de-noised image. Hard thresholding of wavelet 
coefficients related to the grid introduces artifacts to the reconstructed image, and soft 
thresholding blurs the reconstructed image [121, 125, 126]. Furthermore, both hard and soft 
thresholding of SWT coefficients are unable to remove grid lines completely in regions of large 
changes in depth, where the deformed lines on the object surface have greater curvature. 
a b 
c d 
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Increasing the decomposition level to remove highly curved grid lines could improve grid 
removal, but this would smear the useful moiré pattern information. 
To improve the ability of the stationary wavelet transform to remove curved lines without 
increasing the decomposition level and without smearing the useful moiré contours, a 
combination of stationary wavelet and Fourier transforms (SWT-FFT) was used. The Fourier 
transform of the wavelet coefficients provides further grouping of the coefficients into the useful 
details of the image and the grid lines. Wavelet coefficients are dampened by multiplying the 
Fourier transform of the wavelet coefficients by a Gaussian function ( , )g u v  [122]:     
                                                              
2
22( , ) 1
u
g u v e σ
−
= −  ,                                                            (4.12) 
where u and v are the horizontal and vertical spatial frequency domain coordinates, respectively, 
and the value of σ  (damping factor) can be selected based on the amount of grid line deviation 
from a straight line. The damping coefficient is applied only to the wavelet coefficients that 
contain the grid. Since the generated moiré image (Eq. 4.7) contains only horizontal grid lines, 
the Fourier transform of the horizontal wavelet coefficient includes high frequency components 
only in the vertical direction (v-axis) in the frequency domain. Therefore, damping of the 
Fourier transform of the horizontal coefficients only needs to be performed on the v-axis to 
remove the grid without losing useful image information (Eq. 4. 12). The other wavelet 
coefficients, which are not related to grid lines, remain unchanged. After grid-coefficient 
damping, inverse FFT is performed, and the image with grid lines removed is reconstructed by 
inverse SWT of the dampened and unchanged coefficients. Applying the above SWT-FFT 
results in further separation of the grid lines from the useful image information, compared to 
applying SWT only, and permits easy filtering of the noise in the frequency domain. 
The SWT-FFT method has two important parameters, the decomposition level and 
damping factor. The decomposition level depends on the pitch of the captured grid on the object 
surface and the damping factor depends on the curvature of the grid. For example, narrow-pitch 
grids require a low decomposition level to decrease the loss of valid information. Straight grids 
(undeformed lines) require zero damping (B = 0), and the value of damping factor required 
increases as the curvature of the grid increases from a straight line. The damping factor and 
decomposition level have to be as small as possible to keep the useful information unchanged, 
but large enough to remove the high frequency grids. 
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4.3 Assessment of grid removal performance  
While common quantitative image de-noising assessment methods, such as peak signal-to-noise 
ratio (PSNR) and root-mean-square error (RMSE), require a reference image without noise, and 
since such an image is not available for the generated moiré images, a reference-free quality 
metric is required. The roughness index [127] estimates the amount of high spatial frequencies 
associated with the remaining grid lines in a de-noised image. The roughness index ρ can be 
expressed as: 
                                                                   	 h X
X
ρ ⊗=
 ,                                                            (4.13) 
where X is the output image after grid removal, ⊗  is the 2D convolution operator, h is a vertical 
edge-detector filter, and X  is the 1l  norm of X. A low ρ indicates better grid removal in the 
output image. It is preferred to use the roughness index and visual inspection together to evaluate 
different grid removal techniques, since the roughness index cannot detect excessive smoothness 
and other imperfections (artifacts) in the moiré pattern.  
4.4 Experiments and Results 
To demonstrate the method of SWT-FFT grid removal in single-frame digital moiré, experiments 
were performed with the optical setup shown in Fig. 4.1, using a LCD projector, monochrome 
1024 x 1024 CCD camera, with 11 deg camera-projector angle and 2.5 m camera-projector to 
object distance. Digital moiré images were generated by the method of Section 4.1 for three 
objects: a manikin head, a crowned mask, and a double-faced mask (Fig. 4.5).  
   
Figure 4.5. Original images with moiré patterns and high-frequency grid lines generated by 
digital moiré: a) manikin head, b) crowned mask, and c) double-faced mask. 
a b c 
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The generated images contain useful moiré patterns with unwanted high frequency grid lines. 
This grid lines must be removed without degradation of the moiré patterns to allow accurate 
phase extraction from the moiré patterns for object height calculation. To demonstrate the 
effectiveness of the SWT-FFT, the method was compared to other single-frame grid-removal 
techniques using Fourier transform (FFT) and discrete wavelet transform (DWT) separately, as 
well as combined discrete wavelet and Fourier transform (DWT-FFT). 
The Fourier transform using low-pass filtering (LPF) with different bandwidths was applied 
to the original crowned mask image (Fig. 4.6a). The narrow bandwidth LPF causes blurring of 
the moiré pattern (Fig. 4.6b) while the wide bandwidth LPF leaves residual grid lines (Fig. 4.6d). 
The medium bandwidth LPF was found to be the best trade-off between removing the grid lines 
and preserving the moiré pattern (Fig. 4.6c). However, even using the medium bandwidth, the 
LPF Fourier transform does not allow complete elimination of the high-frequency grid lines 
without removing useful fine detail of the moiré-pattern, which should be retained. Furthermore, 
because FFT is not localized in the spatial domain, artifacts are introduced in the de-noised 
images.   
 
    
  
Figure 4.6. Images of the crowned mask zoomed-in on the chin: a) original image containing 
moiré pattern and grid lines; de-noised images by Fourier transform using low-pass filtering with 
b) narrow bandwidth, c) medium bandwidth, and d) wide bandwidth. 
 
a b 
d c 
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The discrete wavelet transform (DWT) was used to remove the grid lines and preserve more 
moiré information than by FFT. The number of vanishing moments in the Daubechies wavelet 
has to be high enough to remove the grid lines but low enough to prevent artifacts at the borders. 
In the experiments, Daubechies wavelet db12 was used as it was found to be best in preliminary 
experiments. The crowned mask image containing the moiré pattern and grid lines (Fig. 4.7a) 
was wavelet decomposed into 2, 3, and 4 levels using Daubechies wavelet db12. The results 
(Fig. 4.7) show that using three decomposition levels (L=3) with db12 and applying soft-
thresholding to the horizontal wavelet coefficients was partly successful in removing grid lines 
and preserving the moiré pattern (Fig. 4.7c); however, in the bottom chin region, boundary 
artifacts appear. The lower decomposition level (L=2) was unable to remove the grid (Fig. 4.7b) 
and the higher decomposition level (L=4) removed the grid lines but smeared the moiré pattern 
(Fig. 4.7d). Even for the best case (L=3) (Fig. 4.7c), DWT was thus not able to fully remove the 
highly curved grid lines without smearing the moiré pattern or introducing boundary artifacts. 
 
   
  
 
Figure 4.7. Images of the crowned mask zoomed-in on the chin a) original image containing 
moiré pattern and grid lines; de-noised images by discrete wavelet transform (DWT) (db12, soft 
thresholding) with different decomposition levels (L): b) L=2, c) L=3, and d) L=4. 
 
Combined discrete-wavelet and Fourier transforms (DWT-FFT) was used in the current 
experiments to remove highly curved grid lines without increasing the decomposition level, 
which tends to smear the moiré pattern. The crowned mask image (Fig. 4.5b) was wavelet 
a b 
c d 
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decomposed into three levels (L=3) using Daubechies wavelets db5, db12, db24, and db45, 
which have different number of vanishing moments, and damping factor 180σ = . Image de-
noising by db5 (Fig. 4.8a) was unable to remove grid lines, while db24 (Fig. 4.8c) and db45 (Fig. 
4.8d) introduced artifacts (stripes in the chin region indicated by the red oval). These artifacts 
would appear as ripples in the reconstructed surface. Wavelet db12 was best in removing the grid 
lines while preventing artifacts (chin region in Fig. 4.8b). DWT-FFT is able to remove the highly 
curved grid lines; however, the method introduces boundary artifacts in the de-noised images 
(Figs. 4.8a-d). 
 
   
   
Figure 4.8. Images of the crowned mask zoomed-in on the chin, de-noised by combined discrete 
wavelet and Fourier transforms (DWT-FFT) using L=3, 180σ = , and Daubechies wavelet with 
different vanishing moments a) db5, b) db12, c) db24, and d) db45. 
 
Combined stationary-wavelet and Fourier transforms (SWT-FFT) was used to remove 
highly curved grid lines without introducing artifacts in the de-noised image. SWT decomposes 
images without decimating the wavelet coefficients (decimation would decrease the resolution of 
the wavelet coefficients). This property allows SWT to suppress oscillation artifacts near 
discontinuities (including borders) in comparison to DWT. Daubechies wavelet with different 
vanishing moments db2, db5, db12, db24, and db45 were applied to the crowned mask (Fig. 4. 
5b) using SWT-FFT with three decomposition levels (L=3) and damping factor 180σ = . 
a b 
c d 
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Wavelet db5 (Fig. 4.9b) was found to be best in removing the grid lines and preventing artifacts. 
Image de-noising by db2 (Fig.4.9a) was unable to remove grid lines everywhere in the image 
(best seen in the chin region), while a higher number of vanishing moments (db12, db24 and 
db45) increased artifacts (in the chin region indicated by the red oval) as seen in Figs. 4.9c, 4.9d, 
and 4.9e, respectively.  
 
  
  
 
Figure 4.9. Images of the crowned mask zoomed-in on the chin, de-noised by SWT-FFT with 
L=3, 180σ =  and  Daubechies wavelet with different vanishing moments a) db2, b) db5, c) 
db12, d) db24, and e) db45. 
SWT allows the use of Daubechies wavelet db5, which has a low number of vanishing 
moments, to suppress smoothing and distortion in the de-noised image in comparison to DWT 
(db12). This property would decrease ripples in the reconstructed surface. To determine the 
damping factor σ , a coarse-to-fine approach was used, starting at σ = 50 and increment of 50 
until moiré-contour loss occurred in the de-noised image. Finer increments of 30 were then used 
to finalize the damping factor, to best remove the deformed and undeformed grid lines without 
a b 
c d 
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moiré-contour loss. Different damping factors 50, 100, 180σ =  with decomposition levels L= 3 
applied to the crowned mask image (Fig. 4.5b) with SWT-FFT are shown in Fig. 4.10. Damping 
factor 180σ =  achieved the best compromise between grid removal and preservation of the 
moiré pattern (Fig. 4.10c). Lower damping factors 50, 100σ =  were unable to completely 
remove the grid lines (Figs. 4.10a, 4.10b). 
                  
      
Figure 4.10. Images of the crowned mask with zoomed-in region indicated by red rectangle, de-
noised by SWT-FFT (db5) using decomposition level L=3 and damping factors a) 50σ = , b)
100σ = , c) 180σ = . 
 
To compare the performance of SWT-FFT in grid removal to FFT, DWT, and DWT-FFT 
methods, de-noised images and wrapped phase maps, zoomed-in on the chin, and object heights 
calculated by digital-moiré 3D reconstruction are shown for the manikin head (Fig. 4.11), 
crowned mask (Fig. 4.12), and double-faced mask (Fig. 4.13). The best parameters of each 
method found earlier, were used in the comparison: FFT with medium bandwidth LPF; DWT 
with db12, L=3, and soft thresholding; DWT-FFT with db12, L=3, and 380σ = for manikin 
head and 180σ = for crowned and doubled-faced masks; and SWT-FFT with db5, L=3, and 
380σ = for manikin head and 180σ = for crowned and doubled-faced masks. A higher 
damping factor, 380σ = , was used for the manikin head, compared to 180σ =  for the 
crowned and double-faced masks, because of the higher grid-line curvature that occurs in the 
manikin head due to greater height gradients.  
For FFT (Fig. 4.11a), in addition to introducing artifacts, blurring of the moiré pattern 
occurred with grid removal for the manikin head. For DWT (Fig. 4.11b) and DWT-FFT (Fig. 
4.11c), artifacts were introduced because of the decimation of the wavelet coefficients at each 
5 0=σ   180=σ   1 0 0=σ   
a b c 
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decomposition level. The comparison between de-noised images shows that SWT-FFT (Fig. 
4.11d) is best in removing the grid lines (straight and curved) without introducing artifacts.  
The advantage of SWT-FFT compared to FFT, DWT, and DWT-FFT methods can be seen 
even more clearly in the wrapped phase maps zoomed-in on the manikin head chin (Figs. 4.11e-
4.11h). The artifacts near the large height gradients are seen for FFT (Fig. 4.11e), and appear 
more prominently as ripples for DWT (Fig. 4.11f), and DWT-FFT (Fig. 4.11g) in the regions 
indicated by red ovals. For SWT-FFT (Fig. 4.11h) smaller artifacts occur, and they appear only 
at the outer boundary, indicating more accurate phase extraction (Figs. 4.11h) with SWT-FFT.  
The advantage of SWT-FFT compared to FFT, DWT, and DWT-FFT methods can be also 
clearly seen for the object heights calculated from the wrapped phase map by single-frame 
digital-moiré 3D measurement (detailed in Chapter 3). Cross-sections of calculated heights are 
shown in Figs. 4.11i-4.11l, for the middle column of the manikin head image. The calculated 
heights after de-noising the phase-shifted moiré images by FFT (Fig. 4.11i), DWT (Fig. 4.11j), 
and DWT-FFT (Fig. 4.11k), were noisy in the regions indicated by the red ovals (I, II, III, IV) 
with noise amplitude (height measurement error) 0.20, 0.18, 0.12, 0.24 mm for FFT (Fig. 4.11i), 
0.23, 0.20, 0.17, 0.21 mm for DWT (Fig. 4.11j), and 0.21, 0.25, 0.15, 0.20 mm for DWT-FFT 
(Fig. 4.11k), respectively. SWT-FFT (Fig. 4.11l) yielded the best height reconstruction with 
minimal noise, 0.06, 0.08, 0.11, 0.10 mm for the same regions. In comparison to the other 
methods, for example in region II, the noise amplitude for SWT-FFT was approximately 0.10, 
0.12, and 0.17 mm lower than for FFT, DWT, and DWT-FFT, respectively.  
 
  
  
d 
b 
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Figure 4.11. Performance comparison of grid removal techniques for manikin head: a-d) images 
of manikin head (zoomed-in on chin); e-h) wrapped phase maps (zoomed-in on chin); i-l) height 
for middle cross-section of object (middle image column); after applying: a, e, i) FFT with 
medium bandwidth LPF; b, f, j) DWT with db12, L=3, soft thresholding; c, g, k) DWT-FFT with 
db12, L=3, 380σ = ; and d, h, l) SWT-FFT with db5, L=3, 380σ = . 
 
For the crowned-mask, FFT (Fig. 4.12a) again caused image blurring and FFT (Fig. 4.12a), 
DWT (Fig. 4.12b) and DWT-FFT (Fig. 4.12c) caused artifacts seen as stripes on the chin in the 
de-noised images. SWT-FFT (Fig. 4.12d) was best in removing grid lines without stripe artifacts. 
Boundary artifacts occurred for all de-noised images (Fig. 4.12a-d), but was least for SWT-FFT 
(Fig. 4.12d). In the wrapped phase maps, artifacts in de-noised images appear as ripples (regions 
h 
i j 
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f 
g 
e 
I 
II II 
II II 
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indicated by red ovals) for FFT (Figs. 4.12e), DWT (Fig. 4.12f) and DWT-FFT (Fig. 4.12g). For 
FFT (Figs. 4.12e), the stripe artifacts are most noticeable as ripples on the chin. SWT-FFT (Fig. 
4.12h) had smallest artifacts in the wrapped phase map. The advantage of SWT-FFT can be most 
clearly seen for the object heights. The heights calculated from de-noised images by FFT (Fig. 
4.12i), DWT (Fig. 4.12j), and DWT-FFT (Fig. 4.12k), were noisy especially in the regions 
indicated by the red ovals. For example, the noise amplitude in the chin region (pixels 535-590) 
was 0.72 mm for FFT (Fig. 4.12i), 0.55 mm for DWT (Fig. 4.12j), and 0.60 mm for DWT-FFT 
(Fig. 4.12k). SWT-FFT (Fig. 4.12l) yielded the best height reconstruction with noise amplitude 
0.23 mm in the same region. In the chin region, the noise amplitude for SWT-FFT was 
approximately 0.49, 0.32, and 0.37 mm lower than for FFT, DWT, and DWT-FFT, respectively. 
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Figure 4.12. Performance comparison of grid removal techniques for crowned mask: a-d) images 
of crowned mask (zoomed-in on chin); e-h) wrapped phase maps (zoomed-in on chin); i-l) height 
for middle cross-section of object (middle image column); after applying: a, e, i) FFT with 
medium bandwidth LPF; b, f, j) DWT with db12, L=3, soft thresholding; c, g, k) DWT-FFT with 
db12, L=3, 180σ = ; and d, h, l) SWT-FFT with db5, L=3, 180σ = . 
For the double-faced mask, artifacts can be seen as stripes on the chin, most prominent for 
FFT (Fig. 4.13a), but also for DWT (Fig. 4.13b), and DWT-FFT (Fig. 4.13c). SWT-FFT (Fig. 
4.13d) was best in removing grid lines without stripe artifacts. Boundary artifacts occurred for all 
de-noised images (Fig. 4.13a-d), but was least for SWT-FFT (Fig. 4.13d). In the wrapped phase 
maps, artifacts in de-noised images appears as ripples (regions indicated by red ovals), most 
prominent for FFT (Figs. 4.13e), smaller for DWT (Fig. 4.13f) and DWT-FFT (Fig. 4.13g), and 
smallest for SWT-FFT (Fig. 4.13h). The advantage of SWT-FFT can be also clearly seen for the 
object heights. The heights calculated from de-noised images by FFT (Fig. 4.13i), DWT (Fig. 
4.13j), and DWT-FFT (Fig. 4.13k), were noisy especially in the regions indicated by the red 
ovals. For example, the noise amplitude in the chin region (pixels 565-595) was 0.65 mm for 
FFT (Fig. 4.13i), 0.16 mm for DWT (Fig. 4.13j), and 0.18 mm for DWT-FFT (Fig. 4.13k). SWT-
FFT (Fig. 4.13l) yielded the best height reconstruction with noise amplitude 0.06 mm in the same 
region. In the chin region, the noise amplitude for SWT-FFT was approximately 0.59, 0.10, and 
0.12 mm lower than for FFT, DWT, and DWT-FFT, respectively. 
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Figure 4.13. Performance comparison of grid removal techniques for double-faced mask: a-d) 
images of double-faced mask (zoomed-in on chin); e-h) wrapped phase maps (zoomed-in on 
chin); i-l) height for middle cross-section of object (middle image column); after applying: a, e, 
i) FFT with medium bandwidth LPF; b, f, j) DWT with db12, L=3, soft thresholding; c, g, k) 
DWT-FFT with db12, L=3, 180σ = ; and d, h, l) SWT-FFT with db5, L=3, 180σ = . 
SWT-FFT was the most effective in removing the unwanted grid lines and preserving the 
moiré pattern compared to FFT, DWT, and DWT-FFT. The de-noising ability of SWT-FFT 
allowed phase extraction and height computation with least noise. The effective performance of 
SWT-FFT is evident in the raw point-cloud representations of the surfaces shown in Fig. 4.14.  
Assessment using the roughness index was also carried out to compare the grid removal 
ability of FFT, DWT, DWT-FFT, and SWT-FFT. The lowest roughness index and thus best 
performance over all tests for each object (Table 4.1) was for the de-noised images using SWT-
FFT. Although the roughness index is low for de-noised images using other techniques, the low 
values occur at the cost of introducing artifacts and excessive blurring and degradation of useful 
image information (the moiré pattern) which is not detectible by the roughness index. 
 
Table 4.1. Roughness index for original images without grid-removal and de-noised images 
using FFT, DWT, DWT-FFT, and SWT-FFT. 
 Roughness index  
 Original FFT DWT DWT-FFT SWT-FFT 
Manikin head 1.471 0.039 0.038 0.037 0.035 
Crowned Mask  1.514 0.031 0.033 0.030 0.027 
Double-faced mask  1.491 0.041 0.038 0.035 0.031 
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Figure 4.14. 3D surface reconstruction shown by raw point-cloud representations after using 
SWT-FFT grid removal for a) manikin head, b) crowned mask, and c) double-faced mask. 
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4.5 Discussion 
The requirement of precise mechanical grid translation and multiple-frame capture are the main 
limitations of continuous and discrete averaging grid removal methods, respectively. Moiré 
pattern blurring, introduction of artifacts, and inability to completely remove curved grid lines 
are the main limitations in previous single-image filtering grid removal techniques. A single-
frame grid removal technique using combined stationary wavelet and Fourier transform (SWT-
FFT) was developed for application in single-frame digital moiré 3D surface-shape 
measurement. The technique avoids the need to capture multiple frames and perform mechanical 
translation of optical components for grid removal in moiré-based measurement. SWT-FFT had 
the best performance in removing the grid lines, both straight and curved lines, minimizing 
artifacts in the de-noised image, and preserving the moiré pattern without blurring and 
degradation. Applying SWT to the images contaminated with grid lines made it possible to use a 
Daubechies wavelet with a low number of vanishing moments to decrease smoothing and 
distortion in the reconstructed de-noised image. Appling FFT and damping the wavelet 
coefficients related to grid lines improves SWT in removing highly curved grid lines without 
increasing decomposition level and smearing of the moiré pattern. In comparison to other 
techniques, combined SWT-FFT had the lowest noise amplitude in the reconstructed height and 
lowest roughness index for all test objects. The ability of SWT-FFT to remove grid lines using 
only a single frame makes it possible to apply single-frame digital phase-shifting moiré in 3D 
surface-shape measurement.  
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Chapter 5  
Two-image and three-image temporal phase unwrapping  
In this chapter, two-image and three-image digital-moiré temporal phase unwrapping were 
developed to compute an accurate continuous phase map using projection of two and three grid 
patterns of different frequencies, respectively. The method requires projection of only a single 
binary grid and capture of a single image for each grid pitch to calculate the wrapped phase map, 
while phase-shifting is performed digitally in a post-process. The phase-shift analysis results in 
phase maps with different moiré wavelengths. Calculation of the moiré wavelength for each 
phase map during the system calibration enables the use of the noisy extended phase map as a 
reference to unwrap either of the phase maps with the shorter wavelengths. This permits accurate 
continuous phase map computation using fewer images than for fringe projection methods.  
5.1 Digital phase-shifting moiré 
The method of temporal phase unwrapping using multi-wavelength digital phase-shifting moiré 
involves projecting multiple binary grid patterns of different pitch onto the object surface, and 
capturing only a single image for each projected pattern. Then, for each captured image (of 
different pitch), a synthetically produced (computer generated) grid of the same pitch as the 
captured image is overlaid on the captured image and digitally shifted to generate multiple 
phase-shifted moiré images, as detailed in Chapter 3. 
 The generated phase-shifted moiré images contain the moiré contours as well as the 
unwanted high-frequency grid-pattern. Grid removal is then performed to extract pure moiré 
patterns, as detailed in Chapter 4. The intensity distribution of the phase-shifted moiré patterns 
after grid removal is described by: 
                                    ,  = ,  	 , cos	Φ,  	    ,                                 (5.1) 
where 	,  and ,  are intensity background and modulation, respectively, ,  are the 
image coordinates, Φ,   is the phase map that contains object height information, and 
 = 2 ⁄   are the phase-shifts between images. To calculate the phase map Φ, , at least 
three images (=3) of phase-shifted moiré patterns are required:  
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		Φ,  = −tan#
 $∑ , sin'(
∑ , cos'(
 ) ,  = 1,2,… , .																															5.2 
Because of the arctan function in Eq. 5.2, the computed phase Φ,  is wrapped in the 
range -−, ., and a 2D phase unwrapping technique is required to calculate a continuous phase 
map , . This process removes the 2 ambiguities of the wrapped phase according to the 
fringe order /, .   
                                       ,  = Φ,  + 2/, .                                         (5.3) 
The relationship between the computed unwrapped phase ,  and object height h  depends 
on the system-geometry parameters and can be expressed as follows: 
       ℎ,  = [, .                                                            (5.4) 
The coefficient K is a function of the moiré-wavelength : 
  
2
K λ
pi
= .                                                                          (5.5) 
Eq. (5.4) can thus be rewritten as: 
                                          ℎ,  = \] QΦ,  + 2/, R.                                               (5.6) 
5.2 System calibration 
5.2.1 Computation of the moiré wavelength 
Computation of the moiré wavelength  for each phase map can be performed in a system 
calibration process as follows (detailed in Chapter 3). A flat plate is mounted on a translation 
stage and moved toward the camera-projector plane to several known positions (depths or 
heights). At each position, the same grid pattern used during object measurement is projected 
onto the plate and an image is captured. For each plate position, a computer-generated grid 
pattern of the same pitch as in the captured image, is digitally superimposed onto the captured 
image to generate a moiré pattern. The generated images (for all positions) are filtered to remove 
the high frequency grid and extract pure moiré patterns. The intensity at a single pixel is tracked 
across all plate positions (over depth). For every pixel, the moiré fringe intensities across plate 
positions follow a near-sinusoidal function of the plate translation. The moiré wavelength can be 
estimated by the distance between two successive maxima (bright fringes) or two successive 
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minima (dark fringes), respectively. It is common to assume that  is constant between 
successive moiré fringes; however, the moiré wavelength decreases with increasing calibration 
depth. To determine the moiré wavelength as a function of height, the moiré wavelength is first 
computed at each pair of successive peaks from the tracked intensities over plate positions. The 
average moiré wavelength over all pixels is then computed at the different peak pairs 
corresponding to different plate positions (heights). Finally, the moiré wavelength as a function 
of height is approximated by a line fit to all average moiré wavelengths computed at different 
peak pairs. The capture of multiple images is only required during system calibration, and not 
during object measurement. To perform heterodyne temporal phase unwrapping, multiple phase 
maps are required, and the wavelength corresponding to the middle calibration depth is used for 
each phase map. 
 
5.2.2 X-Y plane calibration  
To perform X-Y plane calibration, the mapping of pixel coordinates to real world coordinates is 
computed using a method similar to that in Chapter 3. However, a modified method is used to 
refine the scaling parameters at each height (depth, Z axis);  
                                         D=^ = E'F_  ,     D?^ = G'H_.                                   (5.7) 
where, =^ and ?^ 	 are the number of pixels in the captured image corresponding to the 
true width W and length L of the object of known geometry, and D=^ and	D?^  are the refined 
scaling parameters, respectively, at each depth. =^ and ?^ 	 for the reference plate were 
determined at multiple height (depth) positions using the same images obtained during the 
system calibration for moiré wavelength. 
5.3 Digital-moiré temporal phase unwrapping 
5.3.1 Two-wavelength phase-unwrapping 
For two-wavelength digital-moiré temporal phase-unwrapping, two fringe patterns of different 
pitch are projected onto the object surface and a single image is captured for each projected 
pattern. Phase-shifted moiré patterns (images) are generated by digitally phase shifting a 
computer-generated grid overlaid on the captured images, followed by grid removal, described in 
Chapter 4. Phase shift analysis is then applied to compute two wrapped phase maps Φ
, 	Φ with 
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different moiré wavelengths 
,   > 
. In FPP techniques, at least six captured images are 
needed to perform two-frequency temporal phase unwrapping, while in this research, only two 
captured images are required. The moiré wavelength of each moiré pattern 
,  , are calculated 
in the calibration stage, as explained in Chapter 3.  
From phase maps Φ
	and		Φ, an extended continuous phase map Φ
 with extended wavelength 

, where 
 = \a\3|\a#\3| , is then calculated: 
               Φ
,  = cΦ
,  − 	Φ, ,																											Φ
 > Φ																							Φ
,  − 	Φ,  	 2,														otherwise																						      (5.8) 
Here, the beat wavelength 
 is large enough to cover the entire range of the object’s depth 
ℎ,  (i.e. continuous gray level gradient, no phase ambiguity in	Φ
). To minimize the phase 
error caused by noise, Φ
 can be used as a reference to unwrap the phase map  Φ
, which has 
the lower wavelength 
, as follows: 
  ,  = Φ
,  + 2ShijL $k
\a3 \al mΦa3=,?#Φa=,?] ),           (5.9) 
where ,  is the unwrapped phase map and ShijL( ) computes the closest integer value. 
This high-SNR unwrapped phase map	,  can then be used during measurement to calculate 
the object height: 
                                                               ℎ,  = \a] 	, 		.                            (5.10)  
5.3.2 Three-wavelength phase-unwrapping 
A wrapped phase map with large wavelength has few phase jumps but tends to be noisy, while a 
phase map with smaller wavelength has more phase jumps, but higher SNR. In two-wavelength 
phase unwrapping the beat wavelength may not be sufficient to cover the entire object depth, 
leaving phase ambiguity. Increasing the pitch of projected patterns to enlarge the wavelengths 
 
and , may help the beat wavelength to cover the entire object depth; however, this sacrifices 
SNR in the extended unambiguous phase map, which makes the phase unwrapping process 
unreliable. 
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Three-wavelength or multi-wavelength heterodyne phase-unwrapping can further 
increase the beat wavelength without sacrificing SNR in the extended phase map. In three-
wavelength digital-moiré temporal phase-unwrapping, three fringe patterns of different pitch are 
projected onto the object and a single image is captured for each projected pattern. Three 
wrapped phase maps Φ
, 	Φ, 	Φ	with different wavelengths 
, ,	, ( >  > 
  are 
computed using only three captured images. Three scale factors	
 ⁄  ,	 ⁄ , and 

 ⁄  from three beat wavelengths,	
 = \a\3|\a#\3|,	 = \3\n|\3#\n| , and 
 = \a3\3n|\a3#\3n| are 
used in the phase unwrapping process to produce an extended continuous phase map that covers 
the entire object range of depth. An extended phase map Φ
 with extended wavelength	
, is 
computed from phase maps Φ
	and		Φ as follows: 
              Φ
,  = cΦ
,  − 	Φ, ,																											Φ
 > Φ																							Φ
,  − 	Φ,  	 2,														otherwise		.																			     (5.11) 
To minimize the noise in Φ
, Φ
 is used as a reference to unwrap the phase map 
Φ	with wavelength , which results in Φ
 ,  with higher SNR than Φ
:  
                         Φ
 ,  = Φ,  + 2ShijL $k
\a3 \3l mΦa3=,?#Φ3=,?] ),                    (5.12) 
An extended phase map Φ with extended wavelength	, is computed from phase maps 
Φ	and		Φ  in a similar manner to	Φ
: 
             Φ,  = cΦ,  − 	Φ, ,																											Φ > Φ																							Φ,  − 	Φ,  + 2,														otherwise	.																					    (5.13) 
Again to minimize noise, Φ , 	with higher SNR than Φ is calculated as follows:  
                      Φ ,  = Φ,  + 2ShijL $k
\3n \3l mΦ3n=,?#Φ3=,?] ),         (5.14) 
The extended continuous phase map Φ
	with extended wavelength	
  that covers the entire 
object range of depth ℎ,  (i.e. no phase ambiguity in	Φ
), is computed from phase 
maps	Φ
 , 	and	Φ , ): 
   Φ
x, y = cΦ

 ,  	−Φ , ,																																Φ
 > Φ 																								
Φ
 ,  	−Φ ,  + 2,																			otherwise																												 (5.15)    
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Finally, the phase unwrapping of Φ is performed using the extended continuous phase 
map Φ
x, y as follows:  
                      ,  = Φ,  	 2ShijL $k
\a3n \3l mΦa3n=,?#Φ3=,?] ),                    (5.16) 
This high-SNR unwrapped phase map	,  can then be used during measurement to calculate 
the object height: 
                                                               ℎ,  = \3] 	,   .                            (5.17)  
5.4 Experiments and Results 
5.4.1 Experimental setup 
To demonstrate the method of digital-moiré multi-wavelength temporal phase unwrapping, 
experiments were performed using an optical setup including a LCD projector (Panasonic PT-
AE7000U) and monochrome CCD camera 2048 x 2048 resolution, with approximately 11 deg 
camera-projector angle, and 2.5 m camera-projector-plane to object distance. 
5.4.2 System Calibration 
To calculate the moiré wavelengths, system calibration was performed using a flat plate mounted 
on a linear translation stage and translated to 200 positions in 1.25 mm increments over a 250 
mm calibration depth with 0.007 mm translation precision. Three binary grid patterns with 
different grid pitches were projected onto the flat plate and three images with 10, 12, and 14- 
pixel grid-pitches, respectively, were capture at each of the different known plate positions. The 
capture of multiple images at different known positions is not required during object 
measurement, but was required during system calibration to calculate the moiré wavelengths. 
Phase-shifted moiré patterns (images) were generated by digitally phase shifting a computer-
generated grid overlaid on the captured images, followed by grid removal, as described in 
Section 5.1. Finally, the procedure of moiré wavelength calculation was performed as described 
in Section 5.2.1 and the resulting moiré wavelengths were 
	 =21.850 mm, 	 =26.048 mm, 
and  = 30.573 mm for the 10, 12, and 14-pixel-pitch images, respectively.   
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5.4.3 Measurement 
Object measurements were performed by projecting onto the object a single grid pattern for each 
grid pitch used in the calibration, and capturing a single image for each pattern. Phase-shifted 
moiré patterns (images) were generated by digitally phase shifting a computer-generated grid of 
the same pitch as the captured image overlaid on the captured images, followed by grid removal. 
Phase-shift analysis was applied to extract the wrapped phase map Φ,  for each grid pitch. 
The digital moiré temporal phase unwrapping method was performed on a mask with surface 
discontinuities, two spatially isolated objects (a mask with surface discontinuities and a manikin 
head) and a double-hemispherical object. 
Two-wavelength temporal phase unwrapping was applied to the mask with surface 
discontinuities by projecting two binary grid patterns with the grid pitches used in the 
calibration, and capturing a single image for each pattern (10- and 12-pixel grid pitch) (Figs. 
5.1a, 5.2a). For each grid pitch, a moiré pattern with high-frequency grid lines was generated by 
digital phase-shifting moiré (Figs. 5.1b, 5.2b), and a pure moiré pattern was extracted by grid 
removal (Figs. 5.1c, 5.2c).  Two wrapped phase maps Φ
	and		Φ (Figs. 5.1d, 5.2d) were 
computed with moiré wavelengths 
	 and 		(Section 5.4.2). The extended continuous phase 
map Φ
  (Fig. 5.3a) with extended beat wavelength 
  \a\3|\a#\3|	=135.567 mm, which covers 
the entire range of depth, was computed from wrapped phase maps Φ
	and		Φ (Figs. 5.1d, 5.2d).  
       
(a)                                   (b)                                 (c)                                (d) 
Figure 5.1. Wrapped phase map computation: a) original captured image of the mask with binary 
grid of 10-pixel pitch, b) generated image with moiré pattern and high-frequency grid lines, c) 
moiré pattern after grid removal, and d) wrapped phase map Φ
. 
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(a)                               (b)                                 (c)                                (d) 
Figure 5.2. Wrapped phase map computation: a) original captured image of the mask with binary 
grid of 12-pixel pitch, b) generated image with moiré pattern and high-frequency grid lines, c) 
moiré pattern after grid removal, and d) wrapped phase map Φ. 
          
(a)                             (b)                                   (c) 
Figure 5.3. a) Extended continuous phase map Φ
 with extended beat wavelength 
, b) 
unwrapped phase map , and c) point cloud representation of measured points of mask. 
To minimize the phase error caused by the noise in	Φ
,	Φ
 with no phase ambiguity was 
used as a reference to unwrap the phase map Φ
 with smaller moiré wavelength 
, to obtain the 
unwrapped phase map 	(Fig. 5.3b). The result demonstrates the ability to obtain an unwrapped 
phase map with high SNR to perform accurate 3D measurement (Fig. 5.3c) of objects with 
discontinuities, using only two captured images. 
Three-wavelength temporal phase unwrapping was applied to two spatially isolated objects: 
a mask with surface discontinuities and a manikin head. To handle the greater depth of the 
manikin compared to the mask, the beat wavelength was increased without sacrificing SNR in 
the extended phase map, by projection of another pattern with greater grid pitch. Thus, three 
binary grid patterns with different grid pitches were projected onto the objects and a single image 
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was captured for each pattern (10-, 12-, and 14-pixel grid pitch) (Figs. 5.4a, 5.5a, and 5.6a). For 
each grid pitch, a moiré pattern with high-frequency grid lines was generated by digital phase-
shifting moiré (Figs. 5.4b, 5.5b, and 5.6b) and a pure moiré pattern was extracted by grid 
removal (Figs. 5.4c, 5.5c and 5.6c).  
   
(a)                                             (b)                                                 (c) 
Figure 5.4. Moiré pattern generation: a) original captured image of objects with binary grid of 
10-pixel pitch, b) generated image with moiré pattern and high-frequency grid lines, and c) moiré 
pattern after grid removal. 
   
(a)                                             (b)                                                 (c) 
Figure 5.5. Moiré pattern generation: a) original captured image of objects with binary grid of 
12-pixel pitch, b) generated image with moiré pattern and high-frequency grid lines, and c) moiré 
pattern after grid removal. 
    
(a)                                             (b)                                                 (c) 
Figure 5.6. Moiré pattern generation: a) original captured image of objects with binary grid of 
14-pixel pitch, b) generated image with moiré pattern and high-frequency grid lines, and c) moiré 
pattern after grid removal. 
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Three wrapped phase maps Φ
, 	Φ, and 	Φ (Figs. 5.7a, 5.7b and 5.7c) were computed with 
different moiré wavelengths	
	, 	, and		(Section 5.4.2). The extended phase map Φ
  (Fig. 
5.8a) with extended beat wavelength 
  \a\3|\a#\3|	=135.567 mm was computed from phase 
maps Φ
	and		Φ. To minimize the phase error caused by the noise in	Φ
,	Φ
 was used as a 
reference to unwrap the phase map Φ with smaller moiré wavelength , to obtain the phase 
map Φ
  (Fig. 5.8b) with higher SNR.  
     
(a)                                  (b)                                                 (c) 
Figure 5.7. Wrapped phase maps a) Φ
, b) 	Φ, and c) 	Φ 
A second extended phase map Φ  (Fig. 5.9a) with extended beat wavelength  
\3\n
|\3#\n|
	=175.986 mm was computed from phase maps Φ	and		Φ. To minimize the phase error 
caused by the noise in	Φ,	Φ was used as a reference to unwrap the phase map Φ with 
smaller moiré wavelength  , to obtain the phase map Φ  (Fig. 5.9b) with higher SNR. Using 
the method in [54], the extended continuous phase map (Fig. 5.10a), which covers the entire 
range of depth, was computed from phase maps Φ
	(Fig. 5.8a) and	Φ (Fig. 5.9a), resulting in 
a noisy phase map (Fig. 5.10a). The extended continuous phase map with high SNR Φ
 (Fig. 
5.10b) with extended beat wavelength 
  \a3\3n|\a3#\3n|	=590.269 mm was calculated from high 
quality phase maps Φ
 		(Fig. 5.8b) and	Φ  (Fig. 5.9b). Finally, to calculate a more accurate 
unwrapped phase map with high SNR,  Φ
  was used as a reference to unwrap  Φ with 
smaller moiré wavelength ,	to obtain the unwrapped phase map	 (Fig. 5.10c), which has high 
SNR. This high-SNR unwrapped phase map enables accurate 3D measurement of objects with 
discontinuities and multiple spatially-isolated objects (Fig. 5.11) using only three captured 
images. 
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(a)                                            (b) 
Figure 5.8. Extended phase maps: a) Φ
 with extended beat wavelength	
, and b) Φ
  with 
higher SNR. 
 
         
(a)                                             (b) 
Figure 5.9. Extended phase maps: a) Φ with extended beat wavelength	, and b) Φ  with 
higher SNR. 
 
          
(a)                        (b)                                               (c) 
Figure 5.10. Extended continuous phase maps: a) extended continuous phase map based on [54] 
calculated from Φ
		and	Φ, b) Φ
 with high SNR and with extended beat wavelength 
 
calculated from Φ
 		and	Φ  , and c) unwrapped phase map	. 
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Figure 5.11. Point cloud representations of measured points of spatially isolated objects, mask 
and manikin head. 
To demonstrate the measurement accuracy of the two-image digital-moiré temporal phase 
unwrapping method, a double-hemispherical object with known radii of two hemispheres (true 
radius 50.80 mm) and known distance between the centers (120 mm) was measured. To increase 
the measurement resolution and accuracy, the calibration was performed by projecting two 
binary grid patterns with smaller grid pitches (resulting in 8- and 10-pixel grid pitch in the 
captured images) than for the other objects. Moiré wavelength calculation was performed and 
yielded moiré wavelengths 
	 =16.966 mm and 	 =21.035 mm for the 8- and 10-pixel-pitch 
images, respectively.  Two-wavelength temporal phase unwrapping was applied to the double-
hemispherical object by projecting two binary grid patterns with the grid pitches used in the 
calibration, and capturing a single image for each pattern (8- and 10-pixel grid pitch) (Figs. 
5.12a, 5.13a). For each grid pitch, a moiré pattern with high-frequency grid lines was generated 
by digital phase-shifting moiré (Figs. 5.12b, 5.13b), and a moiré pattern was extracted by grid 
removal (Figs. 5.12c, 5.13c). 
     
(a)                                               (b)                                                   (c) 
Figure 5.12. Moiré pattern generation: a) original captured image of double hemispherical object 
with binary grid of 8-pixel pitch, b) generated image with moiré pattern and high-frequency grid 
lines, and c) moiré pattern after grid removal. 
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(a)                                               (b)                                                   (c) 
Figure 5.13. Moiré pattern generation: a) original captured image of double hemispherical object 
with binary grid of 10-pixel pitch, b) generated image with moiré pattern and high-frequency 
grid lines, and c) moiré pattern after grid removal. 
 Two wrapped phase maps Φ
	and		Φ (Figs. 5.14a, 5.14b) were computed with moiré 
wavelengths 
	 and		. The extended continuous phase map Φ
  (Fig. 5.15a) with extended 
beat wavelength 
 = \a\3|\a#\3|	=87.720 mm, which covers the entire range of depth, was 
computed from wrapped phase maps Φ
	and		Φ (Figs. 5.14a and 5.14b). To minimize the phase 
error caused by the noise in	Φ
,	Φ
 with no phase ambiguity was used as a reference to unwrap 
the phase map Φ
 with smaller moiré wavelength 
, to obtain the unwrapped phase map 	(Fig. 
5.15b). Height measurement was performed using Eq. (5.10) and least-squares fitted spheres to 
the measured 3D point cloud data (Fig. 5.15c) had radii of 50.833 mm and 50.738 mm, and thus 
errors of 0.033 mm and 0.062 mm, respectively (sphere fitting standard deviations were 0.146 
mm and 0.142 mm). Centre-to-centre distance between hemispheres was 119.812 mm, thus with 
an error of 0.188 mm.  
   
(a)                                             (b) 
Figure 5.14. Wrapped phase maps: a) Φ
, b) 	Φ.  
    
(a)                                               (b)                                                   (c) 
Figure 5.15. a) Extended continuous phase map Φ
 with extended beat wavelength 
, b) 
unwrapped phase map , and c) point cloud representation of double hemispherical object. 
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A sample cross-section of measured points with the true semicircles is shown in Fig. 5.16, 
The measured points are close to the true values for most of the surface. As commonly occurring, 
larger errors are seen near the edge of the surface, where the camera and projector optical axes 
are nearly parallel to the surface. 
 
Figure 5.16. Sample cross-section of measured points of double hemispherical object and true 
semicircles. 
 
5.5 Discussion 
Two-image and three-image temporal phase unwrapping, developed in this chapter for digital 
moiré, yields a high-SNR unwrapped phase map and is thus an improvement over previous 
temporal phase unwrapping for digital moiré. Moiré wavelength calculation during the system 
calibration provides an ability to use the extended noisy phase map as a reference to unwrap the 
phase map with shorter wavelength, and thus achieve a less noisy and more accurate continuous 
phase map. Only a single pattern has to be projected and thus single image captured to compute 
each phase map with different wavelength to perform temporal phase unwrapping by digital 
moiré. The number of captured images required by this new method is one third that for three-
wavelength heterodyne temporal phase unwrapping by fringe projection techniques. Decreasing 
the number of required captured images would be advantageous in measuring dynamic objects, 
either moving or deforming. 
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Chapter 6  
Contributions and Future Work 
This chapter summarizes contributions of the thesis research, and proposes future work. In this 
thesis, 3D optical metrology techniques were developed for accurate high resolution 3D surface-
shape measurement toward minimizing the number of patterns projected and images (frames) 
captured by camera, using digital moiré: single pattern projection for 3D measurement of objects 
with continuous surface geometry, and two and three pattern projection for 3D measurement of 
objects with surface discontinuities and spatially isolated objects. 
6.1 Contributions 
The main contributions of the research of this thesis are as follows: 
1. Developed digital moiré for high resolution and accurate single-frame 3D-shape measurement 
of objects without surface discontinuity: 
     1.1 A new calibration technique in digital moiré to compute height from phase without 
requiring direct measurement of the system geometry parameters was developed based on moiré-
wavelength phase-to-height mapping in the system-calibration stage. This is an improvement 
over previous digital moiré techniques by avoiding direct measurement of optical system 
geometry parameters required by previous methods. 
     1.2 A new pixel-wise phase-to-height mapping system-calibration was developed based on 
moiré-wavelength refinement, and permits object surface measurement over extended depth, 
while maintaining high measurement accuracy. The computed wavelength-height function takes 
into account the moiré wavelength variation over calibration depth when measuring an object 
over extended depth. The novel moiré-wavelength refinement technique, which performs pixel-
wise computation of the wavelength based on height (depth), improved measurement accuracy 
by height refinement, compared to measurement using a single global wavelength across all 
pixels. The new method was able to measure surface height using only a single captured frame of 
the object surface with only a single projected pattern. Furthermore, the projected pattern was a 
simple binary grid, which avoids problems associated with gamma nonlinearity.  
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2. Developed a new single-frame grid removal technique based on combined SWT-FFT for 
application in single-frame digital moiré 3D shape measurement that addresses the needs to 
remove high-frequency grid lines, without introducing artifacts, while preserving the moiré 
pattern without blurring and degradation.  
The ability of the stationary wavelet transform (SWT) to prevent oscillation artifacts near 
discontinuities, and the ability of the Fourier transform (FFT) applied to wavelet coefficients to 
further separate grid lines from useful image information, were combined in a new technique, 
SWT-FFT, to remove grid lines from moiré-pattern images generated by digital moiré. In 
comparison to previous grid removal techniques in moiré, SWT-FFT avoids the requirement for 
mechanical translation of optical components and capture of multiple frames, to enable single-
frame moiré-based measurement. The measurement results have demonstrated that SWT-FFT 
had the best performance in removing the grid lines, both straight and curved lines, minimizing 
artifacts in the de-noised image, and preserving the moiré pattern without blurring and 
degradation. In comparison to other techniques, combined SWT-FFT had the lowest noise 
amplitude in the reconstructed height and lowest roughness index for different test objects. 
3. Developed new temporal phase unwrapping techniques for measurement of spatially isolated 
and discontinuous surfaces: 
     3.1. An improved temporal phase unwrapping method was developed using multi-wavelength 
digital phase-shifting moiré to address the limitations of the high number of projected patterns 
and captured images of temporal phase unwrapping in FPP, and the low signal-to-noise ratio of 
the extended phase map of temporal phase unwrapping in digital moiré. 
Two-image and three-image digital-moiré temporal phase unwrapping were developed 
using projection of two and three binary-grid patterns of different frequencies, respectively. 
Experiments demonstrated accurate high resolution 3D surface-shape measurement of objects 
with surface discontinuities and spatially isolated objects. The number of captured images 
required by this new method is one third that for the common heterodyne temporal phase 
unwrapping by fringe projection techniques. Minimizing the number of required captured images 
would be advantageous in measuring dynamic objects, either moving or deforming. 
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6.2 Limitations and Future Work 
1. For the techniques developed in this research, a reference plate is required during object 
surface measurement. Encoding a marker or colour-stripe in the projected pattern as in [85, 86] 
might avoid the need for the reference plate, and thus simply the measurement setup.   
Recommended future work would be to: 
• Devise a new technique or new projection pattern to perform absolute measurement of 
objects without requiring to the reference plate during measurement:  
 
2. The developed grid removal technique based on SWT-FFT requires adjusting of two 
parameters: the decomposition level of the wavelet transform and the damping factor of the 
Gaussian function in the Fourier transform. The decomposition level depends on the pitch of the 
captured grid on the object surface and the damping factor depends on the curvature of the grid. 
The damping factor and decomposition level have to be as small as possible to keep the useful 
information unchanged, but large enough to remove the high frequency grids. 
Recommended future work would be to: 
• Make the grid removal technique automatic by detecting the pitch and curvature of the 
image-captured grid lines, and adjusting the decomposition level and the damping factor 
accordingly as described above. This could permit automatic grid removal and thus allow 
automated measurement.   
3. The developed system calibration technique only performs phase-to-height mapping and 
requires separate X-Y plane calibration.  
Recommended future work would be to: 
• Develop a new calibration technique that combines stereo-vision [43-45] (using two 
cameras and one projector) with digital moiré. This could allow the 3D coordinates of the object 
surface to be computed from 2D image coordinates based on well-known established techniques 
for stereo cameras. This combination may allow the use of moiré patterns to aid determination of 
the correspondence between camera images and to use the intrinsic (camera optics) and extrinsic 
(system geometry) parameters in measurement as for stereo cameras. In another approach, the 
system calibration might be performed using a single camera projector system [45], where the 
 82  
 
projector would be treated as an inverse camera, a virtual projector image generated, and the 
calibration parameters for the projector and camera used as for a two-camera stereovision 
system. 
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